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Recently we constructed Mahler discrete residues for rational functions and showed they comprise a
complete obstruction to the Mahler summability problem of deciding whether a given rational function
f(x) is of the form g(xP) — g(x) for some rational function g(x) and an integer p > 1. Here we develop
a notion of i-twisted Mahler discrete residues for 1 € Z, and show that they similarly comprise a
complete obstruction to the twisted Mahler summability problem of deciding whether a given rational
function f(x) is of the form p*g(xP) — g(x) for some rational function g(x) and an integer p > 1. We
provide some initial applications of twisted Mahler discrete residues to differential creative telescoping
problems for Mahler functions and to the differential Galois theory of linear Mahler equations.

1 Introduction

Continuous residues are fundamental and crucial tools in complex analysis, and have extensive and
compelling applications in combinatorics [17]. In the past decade, a theory of discrete and g-discrete
residues was proposed in [13] for the study of telescoping problems for bivariate rational functions, and
subsequently found applications in the computation of differential Galois groups of second-order linear
difference [5] and g-difference equations [8] and other closely-related problems [12, 20]. More recently,
the authors of [10, 11] developed a theory of residues for skew rational functions, which has important
applications in duals of linearized Reed-Solomon codes [11]. In [19] the authors introduce a notion of
elliptic orbit residues, which, in analogy with [13], similarly serves as an obstruction to summability
in the context of elliptic shift difference operators. Most recently, we initiated in [9] a theory of Mahler
discrete residues aimed at helping bring to the Mahler case the successes of these earlier notions of
residues.

Let K be an algebraically closed field of characteristic zero and K(x) be the field of rational functions
in an indeterminate x over K. Fix an integer p > 2. For a given f(x) € K(x), we considered in [9] the Mahler
summability problem of deciding effectively whether f(x) = g(x?) — g(x) for some g(x) € K(x); if so, we say
f(x) is Mahler summable. We defined in [9] a collection of K-vectors, called the Mahler discrete residues of
f(x) and defined purely in terms of its partial fraction decomposition, having the property that they are
all zero if and only if f(x) is Mahler summable. More generally, a (linear) Mahler equation is any equation
of the form

YO + an1 (YR + - 4+ G RYEP) + +a0 ()Y (X) = 0, (1.2)
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where the g;(x) € K(x) and y(x) is an unknown “function” (or possibly some more general entity, for
example, the generating series of a combinatorial object, a Puiseux series, etc.). The motivation to
study Mahler equations comes from several directions. They first arose in [22] in connection with
transcendence results on values of special functions at algebraic numbers, and have since found other
applications, for example to automata theory and automatic sequences since the work of [15]. We refer
to [3, 4, 14, 16] and the references therein for more details.

A particularly fruitful approach over the past few decades to study difference equations in general,
and Mahler equations such as (1.1) in particular, is through the Galois theory for linear difference
equations developed in [25], and the differential (also sometimes called parameterized) Galois theory
for difference equations developed in [18]. Both theories associate a geometric object to a given
difference equation such as (1.1), called the Galois group, that encodes the sought (differential-)algebraic
properties of the solutions to the equation. There are now several algorithms and theoretical results
(see in particular [6, 7, 16, 24]) addressing qualitative questions about solutions of Mahler equations
(1.1), in particular whether they must be (differentially) transcendental, which rely on procedures to
compute enough information about the corresponding Galois group (i.e., whether it is “sufficiently
large”). These Galois-theoretic arguments very often involve, as a sub-problem, deciding whether a
certain auxiliary object—often but not always a rational solution to some Riccati-type equation—
is Mahler summable, or more generally whether it becomes Mahler summable after applying some
linear differential operator to it, that is, a telescoper. Rather than being able to answer the Mahler
summability question for any one individual rational function, the systematic obstructions to the
Mahler summability problems developed here serve as essential building blocks for other results
and algorithms that rely on determining Mahler summability as an intermediate step. An immediate
application of the technology developed here is Theorem 6.3: if y1(x), ..., y:(X) € K((x)) are solutions
to Mahler equations of the form y;(x’) = a;(X)y;(x) for some non-zero a;(x) € K(x), then either the
y1(X), ..., yi(x) are differentially independent over K(x) or else they are multiplicatively dependent over
K(x)*, that is, there exist integers ky, ..., k: € Z, not all zero, such that ]'[L1 yi(x)kz € K(x). Let us explain
in more detail the technology that we develop here.

For arbitrary A € Z and f(x) € K(x), we say that f(x) is A-Mahler summable if there exists g(x) € K(x) such
that f(x) = p*g(x?)—g(x). We shall construct certain K-vectors from the partial fraction decomposition of
fx), which we call the (twisted) A-Mahler discrete residues of f(x), and prove our main result in Section 5.4:

Theorem 1.1. For A € Z, f is A-Mahler summable if and only if all A-Mahler discrete residues of f
are zero.

Our desire to develop an obstruction theory for such a “twisted” A-Mahler summability problem,
beyond the “un-twisted” 0-Mahler summability problem considered in [9], is motivated by our desire
to apply this obstruction theory to the following kind of Mahler creative telescoping problem. Given
f1,...,fn € K(x) decide whether there exist linear differential operators £i,..., L, € K[§], for § some
suitable derivation, such that £1(f1) + --- + Lu(fy) is suitably Mahler summable. The double-usage of
“suitable” above is due to the fact that there are in the Mahler case two traditional and respectable ways
to adjoin a Mahler-compatible derivation in order to study differential-algebraic properties of solutions
of Mahler equations, as we next explain and recall.

A o§-field is a field equipped with an endomorphism o and a derivation § such that 6 0§ = §oo. Such
are the base fields considered in the §-Galois theory for linear o-equations developed in [18]. Denoting
byo : K(x) — K(X) : f(X) = f(xP) the Mahler endomorphism, one can show there is no non-trivial derivation
§ on K(x) that commutes with this ¢. In the literature one finds the following two approaches (often
used in combination; see e.g., [4, 16]): (1) take § = xd% and find a systematic way to deal with the fact
that o and § do not quite commute (but almost do), ¢ 0§ = p-§ o o; or (2) work over the larger field
K(x,logx), where o(logx) = plogx, set § = xlogx 4, and find a systematic way to deal with this new
element logx as the cost of having o 0 § = § o o on the nose. There is, to be sure, a dictionary of sorts
between these two approaches.

Let us consider the oé-field L = K(x,logx), and given F € L, let us write the log-Laurent series
expansion

F=> fi(x)log"x € Kx)((logx)),

A=N
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where f, (x) € K(x) for each A € Z, and log" x := [logx]*. Suppose there exists G ¢ L := K(x)((logx)) such
that F = ¢(G) — G (where ¢ is applied term-by-term). Writing such a putative G = 37,y g.(X) log"x el,
for some g;(x) € K(x) for » € Z, we find that F is Mahler summable within f if and only if f,(x) =
P*9:(xP) — g, (x) for each A € Z. This was our initial motivation for introducing the twisted Mahler discrete
residues developed here.

Our strategy expands upon that of [9], which in turn was inspired by that of [13]: for A € Z, we
construct in Section 5.5 a A-Mahler reductionﬂ (%) € K(x) such that

(0 =f@) + (P19, () — 9,(%)) (1.2)

for some g, (x) € K(x) (whose explicit computation it is our purpose to avoid!), with the structure of
this f,(x) being such that it cannot possibly be A-Mahler summable unless f,(x) = 0. The A-Mahler
discrete residues of f(x) are (vectors whose components are) the coefficients occurring in the partial
fraction decomposition of f, (x). This f; (x) plays the role of a “A-Mahler remainder” of f(x), analogous to
the remainder of Hermite reduction in the context of integration.

The contents of this work are as follows. In §2 we recall some notation and ancillary results from [9]—
we also present a new closed formula in §2.5 for the Mahler coefficients, used everywhere here and in [9] to
track the effect of the Mahler operator on partial fractions, as sums over certain integer partitions. In §3
we develop a linear-algebraic framework for controlling the pre-periodic behavior of roots of unity under
the Mahler operator. In §4 we prove that A-Mahler summable rational functions have Mahler dispersion
0 almost everywhere, which is an essential tool in our proofs in spite of the exceptions that arise for the
first time in the Mahler context with positive twists A. In §5 we define the eponymous twisted Mahler
discrete residues and prove our Main Theorem 1.1—we also show the non-obvious agreement of the
0-twisted residues defined here with those of [9], which suggests that the Mahler coefficients of §2.5
enjoy some “umbral” properties that probably deserve further study. In §6 we apply our new technology
to study the differential properties of the solutions of any finite collection of first-order homogeneous
linear Mahler equations. We conclude in §7 with several concrete examples.

2 Preliminaries

In this section we recall and expand upon some conventions, notions, and ancillary results from [9] that
we shall use systematically throughout this work.

2.1 Notation and conventions
We fix once and for all an algebraically closed field K of characteristic zero and an integer p > 2
(not necessarily prime). We denote by K(x) the field of rational functions in the indeterminate x with
coefficients in K. We denote by o : K(x) - K(x) the K-linear endomorphism defined by o (x) = x?, called
the Mahler operator, so that o (f(x)) = f(x) for f(x) € K(x). For » € Z, we write A, := p*o — id, so that
A (f(x) = pMf(xP) — f(x) for f(x) € K(x). We often suppress the functional notation and write f € K(x)
instead of f(x). We say that f € K(x) is A-Mahler summable if there exists g € K(x) such that f = A; (g).
Let KX = K\{0} denote the multiplicative group of K. Let K} denote the torsion subgroup of K*, that
is, the group of roots of unity in K*. For ¢ € K{, the order of ¢ is the smallest r € Z., such that " = 1.
We fix once and for all a compatible system of p-power roots of unity (¢,»)n=0 C K, that is, each ¢ has
order p" and {5: = ¢ for 0 < £ < n. Each f € K(x) decomposes uniquely as

f:)coo +)ch (21)

where f € K[x,x7!] is a Laurent polynomial and f7 = { for polynomials a,b e K[x] such that either
a = Oorelse deg(a) < deg(b) and gcd(a, b) = 1 = gcd(x, b). The reasoning behind our choice of subscripts
oo and T for the Laurent polynomial component of f and its complement will become apparent in the
sequel.

We obtain similarly as in [9, Lem. 2.2] the following result.

Lemma 2.1. The K-linear decomposition K(x) ~ K[x,x™] & K(x)+ given by f < fo @ f7 asin (2.1)
is o-stable. For f,g € K(x) and for » € Z, f = A;(g) if and only if fo = A;(9oo) and fr = Ay (g 7).
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2.2 Mabhler trajectories, Mahler trees, and Mahler cycles

Welet P := {p" | n € Z»o} denote the multiplicative monoid of non-negative powers of p. Then P acts on
Z by multiplication, and the set of maximal trajectories for this action is

Z/P = {{0}} U{{ip" | n € Zo} | i € Zsuch thatpti}.
Definition 2.2. For a maximal trajectory 6 € Z/P, we let
K[x,x 1]y i= {z}. ¥ e K[x,x71] \ ¢ =0forallj ¢ 9} , (2.2)

and call it the 6-subspace. The §-component f, of f € K(x) is the projection of fy as in (2.1) to
K[x, x7 .

We obtain similarly as in [9, Lem. 2.3] the following result.
Lemma 2.3. For f,g € K(x) and for & € Z, foo = Aj(gso) if and only if fy = A;.(ge) for every 6 € Z/P.

Definition 2.4. We denote by 7 the set of equivalence classes in K* for the equivalence relation
a~y ol =yP forsomer,s e Zs. For « € K*, we denote by t(«x) € T the equivalence class
of @ under ~. The elements t € T are called Mahler trees.

We refer to [9, Remark 2.7] for a brief discussion on our choice of nomenclature in Definition 2.4.

Definition 2.5. For a Mahler tree t € T, the r-subspace is
K(x): := {fr € K(x)7 | every pole of f is contained in t}. (2.3)
For f € K(x), the t-component f, of f is the projection of f asin (2.1) to K(x),.
The following result is proved similarly as in [9, Lem. 2.12].

Lemma 2.6. For f,g € K(x) and for & € Z, fr = A, (g7) if and only if f; = A;(g,) foreveryt € T.

Definition 2.7. For a Mahler tree r € T, the (possibly empty) Mahler cycle of 7 is
C(z) :={y € 7 | y is a root of unity of order coprime to p}.

The (possibly zero) cycle length of t is defined to be e(r) := |C(v)|. For e € Zso, let T = {r €
T | e(tr) = e}. We refer to Ty as the set of non-torsion Mahler trees, and to T; := T — T as the set
of torsion Mahler trees.

Remark 2.8. Let us collect as in [9, Rem. 2.10] some immediate observations about Mahler cycles
that we shall use, and refer to, throughout the sequel.

For v € T it follows from the Definition 2.4 that either r C K or else t N K} = ¢ (that is, either
T consists entirely of roots of unity or else r contains no roots of unity at all). In particular,
TNK =04 C(t) =0 % e(r) =0 % 1 € T (the non-torsion case). On the other hand, K consists
of the pre-periodic points for the action of the monoid P on K* given by a > a?" for n € Zso.
For r c K{ (the torsion case), the Mahler cycle C(z) is a non-empty set endowed with a simply
transitive action of the quotient monoid P/P¢ ~ Z/eZ, where P¢ := {p™ | n € Z}, and e := (7).
We emphasize that in general C(t) is only a set, and not a group. The Mahler tree (1) consists
precisely of the roots of unity ¢ € K whose order r is such that gcd(r,p") = r for some p" € P,
or equivalently such that every prime factor of r divides p. When t C K} but t # (1), the cycle
length ¢(7) = e is the order of p in the group of units (Z/rZ)*, where r > 1 is the common order
of the roots of unity y € C(r), and C(r) = {y?' | 0 < £ < e — 1} for any given y € C(z).
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2.3 Mabhler supports and singular supports in Mahler trees

As in [9] we utilize Mahler trees to define the following useful variants of the singular support sing(f)
of a rational function f (i.e., its set of poles) and the order ord, (f) of a pole of f at a € K.

Definition 2.9. For f € K(x), we define supp(f) C 7 U{oo}, called the Mahler support of f, as follows:

e oo € supp(f) if and only if fo, # 0; and
e fort e T, e supp(f) if and only if r contains a pole of f.

For v € T, the singular support of f in t, denoted by sing(f, 7), is the (possibly empty) set of poles of
f contained in 7, and the order of f at 7 is ord(f, r) := max({0} U {ord.(f) | « € sing(f, 1)}).

For the sake of completeness, we include the straightforward proof of the following lemma, which
was omitted from [9, Section 2.2] for lack of space.

Lemma 2.10. For f,g €e K(x), 7t € T, A € Z, and 0 # ¢ € K, we have the following:

1) supp(f) =¥ = f = 0;

2) supp(o (f)) = supp(f) = supp(c- f); and

3) supp(f +9) S supp(f) U supp(9).

4) T € supp(A;(9)) < t € supp(9);

5) ord(o (f), r) = ord(f, r) = ord(c- f, 7);

6) ord(f + g, t) < max(ord(f, r), ord(g, r)); and
7) ord(A;(9), T) = ord(g, 7).

Proof. (1).f =0 <= fo =0and f+ =0, and f+ = 0 < f has no poles in K*.

(2) and (5). For 0 # c € K, cfos # Oif and only if fo # 0, and f and c¢f have the same poles and the orders
of these poles are the same, and therefore supp(f) = supp(cf) and ord(f, r) = ord(cf, ) for every r € T.
Moreover, o (f») # 0 if and only if fo, # O, since o is an injective endomorphism of K(x), and « € K* is a
pole of o(f) if and only if «? is a pole of f, whence r contains a pole of f if and only if = contains a pole
of o (f). In this case, it is clear that ord(o (f), r) < ord(f, ). Moreover, since f has only finitely many poles
in 7 of maximal order m := ord(f, 7), there exists a € sing(o (f), 7) such that order (f) = m > ord,(f), and
it follows that ord, (o (f)) = m = ord(c (f), 7).

(3) and (6). If fo + goo # O then at least one of f,, # 0 0r go # 0. The set of poles of f + g is contained
in the union of the set of poles of f and the set of poles of g, and therefore if = contains a pole of f + g
then r must contain a pole of f or a pole of g. This shows that supp(f +¢) € supp(f) Usupp(g). For m the
maximal order of a pole of f 4+ g in t we see that at least one of f or g must contain a pole of order > m
in 7. This shows that ord(f + g, r) < max(ord(f, r), ord(g, 7)).

(4) and (7). By (2) and (3), supp(Ax(9)) € supp(g), and by (5) and (6), ord(A;.(g), t) < ord(g, t). Suppose
T € supp(9), and let aq,...,as € sing(g,t) be all the elements, pairwise distinct, with ordy (9) =
ord(g,7) =: m > 1, and choose y; € t such that y).p = oj, we find as in the proof of (5) that ordw(o(g)) =m
and the elements {IE)/)- are pairwise distinct for 0 <i <p—1and 1 <j < s, whence at least one of the ;;yj
is different from every o; for 1 <j’ < s, and therefore ord(A,(g), r) = m, which implies = € supp(A;(9)).

2.4 Mabhler dispersion

We now recall from [9] the following Mahler variant of the notion of (polar) dispersion used in [13],
following the original definitions in [1, 2].

Definition 2.11. For f € K(x) and t € supp(f), the Mahler dispersion of f at r, denoted by disp(f, 1),
is defined as follows.

1) For r € T, disp(f, 7) is the largest d € Z., (if it exists) for which there exists « € sing(f, r) such that
o e sing(f, 7). If there is no such d € Z.o, then we set disp(f, t) = oo.
2) For 1 = oo, let us write f., = S cixt € K[x, x~1] with c,oy # 0.

o If foo = co # O then we set disp(f, oo) = 0; otherwise
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e disp(f, 00) is the largest d € Z, for which there exists an index i # 0 such that ¢; # 0 and
Cipd #0.

For f € K(x) and t € 7 U {oo} such that = ¢ supp(f), we do not define disp(f, r) at all (cf. [1, 2, 13]).

Similarly as in the shift and g-difference cases (cf. [18, Lemma 6.3] and [13, Lemma 2.4 and Lemma
2.9]), Mahler dispersions will play a crucial role in what follows. As we prove in Theorem 4.2, they already
provide a partial obstruction to summability: if f € K(x) is :-Mahler summable then almost every Mahler
dispersion of f is non-zero. Moreover, Mahler dispersions also detect whether f has any “bad” poles (i.e.,
at roots of unity of order coprime to p) according to the following result proved in [9, Lem. 2.16].

Lemma 2.12. Let f € K(x) and t € supp(f). Then disp(f, r) = oo if and only if sing(f, r) N C(z) # @.

2.5 Mabhler coefficients

Here we extend the study of the effect of the Mahler operator o on partial fractions initiated in [9, §2.4].
Fora e K*andm,k,n € Zwithn > 0and 1 <k < m, we define the Mahler coefficients V?, () € K implicitly
by

. 1 L VG
7 ((x—ap“w): o7 — ap")m =22 (24)

k=1 i=0 (ngp *

These Mahler coefficients are computed explicitly with the following result, proved analogously to the
similar [9, Lem. 2.17] in case n = 1.

Lemma 2.13. The universal Mahler coefficients V!, := V} (1) are the first m Taylor coefficients
atx=1of

OF T x4+ DT =V = DT O((x = D). (25)
k=1

For arbitrary o € K*, the Mahler coefficients Vi () = Vi - okmp"

Although Lemma 2.13 serves to compute the V}, (@) for « € K*,n € Zo, and 1 < k < m efficiently in
practice, the following result provides an explicit symbolic expression for these Mahler coefficients.

Definition 2.14. For k,n € Zo, let I, (k) be the set of integer partitions u = (u1, ..., ne) of k with
greatest part uq < p", and denote by £(u) := ¢ the length of u and by ¢;(w) the multiplicity of i in
wfor1 <i<p"—1.We adopt the conventions that I1,(0) = {#} for every n > 0 and Iy(k) = ¢ for
every k > 1. The empty partition u = ¢ has length ¢(%) = 0 and multiplicity ¢;(%) = 0 for every
1 <i<p"—1(vacuously so when n = 0).

Proposition 2.15. Forn > 0and 1 <k <m,

n_q L)
i B — 14w } p"
R My~ m ; :

kn =P Z =pr) (m1,61(M)1~~~vzp"—1<“))il_!(lJrl

welly(m—Fk)

Proof. By Lemma 2.13, V}!\ (¢) = V}\ - «* ™", where the V[ e Q are given by (2.5). Writing fr (x) = x™™
and gn(x) =x”"~1 + ...+ x+ 1, and letting W}Tn € Q be the coefficient of (x — 1)¥ in the Taylor expansion
of (fm o gn)(x) at x = 1 as in Lemma 2.13, Vi, =W for 1 < k <m. By Faa di Bruno’s formula [21],

Li(n)
n Fnogd®@) 1 k! o ‘ gm)
W= TR w2 fn g @]

nerl(k)
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for every k > 0, where I1(k) denotes the set of all partitions of k, and £(x) and ¢;(r) are as in Definition
2.14. For every ¢,1 € Z-o, We compute

_ m-1+0! i A P
() — £y —n(m+£) 0] — 1l
fi@n() = =D'p D! and gy <1)—1.(1. +1),

where we adopt the usual convention that (1.{’:1) = 0 whenever i > p". Therefore the partitions u €

I1(k)\I, (k) with greatest part x4 > p" do not contribute to the sum. [ |
We isolate the following special case for ease of reference (cf. [9, Cor. 2.18]), since it arises often.
Corollary 2.16. Leto € KX, m € N, and n € Z-o. Then VI (&) = p~"Ma™ 7'M,

Proof. In the special case where k = m in Proposition 2.15, the sum is over u € I1(0) = {#}, and ¢(¥) =
0 = ¢;(¥) for every i € N, whence VI (&) = p~"a™ P by Lemma 2.13. |

The Mahler coefficients Vi (@) defined above are the main ingredients in our definition of twisted
Mahler discrete residues. Our proofs that these residues comprise a complete obstruction to A-Mahler
summability will rely on the following elementary computations, which we record here once and for all
for future reference.

Lemma 2.17. Letn € Zsp, « € K*,and dy, ..., dn € K for some m € N. Then

m m p'=1 §5m s i
n Z = Vi m({ na)ds
o (Z - ap“)k) ZZ%

_ k
k=1 i=0 X =¢pa)

For A € Z and g € K(), the element A" (g) := p"0"(g) — g is A-Mahler summable.

Proof. The claims are trivial if n =0: ¢, =1, Vi,o(“) = 85k (Kronecker's §) for k < s <m, and Afxo)(g) =01s
A-Mahler summable. Suppose that n > 1. For 1 <'s < m we have

n s P 1VS ({ na)ds
- ( apn)s) ZZ*

k
k=1 i=0 Epnct)

by definition (cf. (2.4)), and it follows that

A mo s Iy (;p Ods IS X Vi Gheds
(S )2 "L

i k i k
1 kot im0 X gpa) L)

Finally, the A-Mahler summability of A" (g) follows from the computation

j=0

n-1 n—-1 n—1
AP () =p"a"(g) — g =p'o (Zp”a%g)) - (Zp“o}@) = A (Zp“a}' (g)) A
j=0 j=0

3 Cycle Maps and Their »-Sections

The goal of this section is to define and study the properties of two auxiliary maps D; . and I{f‘? that will
help us retain some control over the perverse periodic behavior of the roots of unity y € C(r) under the
p-power map y — y?. The following definitions and results are relevant only for torsion Mahler trees
TeT;.
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8 | C.E.Arreche and Y. Zhang

Definition 3.1. Let t € 7, be a torsion Mahler tree, let g € K(x), and let us write g, =
S hen S (i%sk as in Definition 2.5. We define the cyclic component C(g:) := Y pen 2 ccr) O‘f{%

Definition 3.2. Let S := @,y K denote the K-vector space of finitely supported sequences in K.
For € Ty, we let §¢® = @, ¢, S. For & € Z, we define cycle map D, . to be the K-linear
endomorphism

Dyr: 890 = 8¢ (du(y) ket > (—dk(y>+ pAZVZJ(V%ds(Vp)) : (3.9
keN

s>k €
y€eC(r)

where the Mahler coefficients V} , (y) are defined as in (2.4).

We treat the K-vector space S¢® introduced in the preceding Definition 3.2 as an abstract receptacle
for the coefficients occurring in the partial fraction decomposition of C(g.) for = € 7. and arbitrary
elements g € K(x). Note that the infinite summation in (3.1) is harmless, since ds(y?) = 0O for every
y € C(y) forlarge enough s € N. The cycle map D, , for » = 0is the negative of the (truncated) linear map
introduced in [9, Lemma 4.14]. The relevance of D;; to our study of A-Mahler summability is captured
by the following immediate computation.

Lemma 3.3. Let & € Z, g € K(x), and = € 7;. Let us write C(g:) = 3, (i‘f_(;;k and C (Ax(g.)) =

Sy (C“V}k as in Definition 3.1. Writing d := (dx(y))x,, and ¢ := (ck(¥)),, as in Definition 3.2, we

have ¢ =D, . (d).

Dok Vi s (vP)
Proof. It follows from Lemma 2.17 that C(6(g:)) = > pey Zyec(r) % and therefore, for every

keNandy € C(r), cr(y) = =de(y) +P* Xoop Vi1 () ds(vP). u
The following Lemma is essential to our study of A-Mahler summability at torsion Mahler trees € 7.

Lemma 3.4. Let » € Z, T € T4, and set e ;= |C(r)| as in Definition 2.7. Let D, , be as in Definition
3.2.

1) If » < 0 then Dy ; is an isomorphism.
2) If » > 1 then im(D; ) has codimension 1 in §¢® and ker(D; ,) = K- w®, where (w,(?)(y)) =w® is
recursively determined by the conditions

0 fork > A;

y* fork =A;
)L
ot +1 i
T p‘* e Z Z p*IVE P w® (yP)  for any remaining k < A;
j=0 s=k+1

() = (3.2)

for each y € C(r), where the universal Mahler coefficients Vi, €Qareas in Proposition 2.15.

Proof. Let (dp(y)) = d € S —{0},let m € N be as large as possible such that dy,(y) # 0 for some y € C(1),
and let us write (ck(y)) = ¢ := D; . (d).
Letus firstassume thatd € ker(D; ,). Then by the Definition 3.2 and our choice of m, foreach y € C(z),

0=cn(y) =p" Vi 1 () dn(y?) — dn(y) ="y P dn(yP) — dm(y), (3.3)

where the second equality results from Corollary 2.16. Since (3.3) holds for every y € C(r) simultane-
ously, it follows that d,,(y?'*") = pm=*y @ =Pmd, (7 for every j > 0 and for each y e C(r), whence none
of the d,,(y?) can be zero. Since y?* = y, we find that

- dm(¥") l—i dn(y?") _ ﬁpm—)\ @ pm _ e, G=Dm _ pm-ige (3.4)
dn) 5 dn@P) 4 4 ' '

which is only possible if m = A. Therefore dp(y) = O for every k > A, whence D; . is injective in case
L < 0.In case A > 1, it also follows from (3.3) with m = A that yP*d; (y?) = y*d,(y) = » must be a
constant that does not depend on y € C(r) (recall C(z) is stable by taking pth powers). We claim that if
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we further impose that this w = 1, then the remaining components of our d are uniquely determined by
the recursion (3.2). Indeed, if A = 1 then there are no more components to determine, whereas if » > 2
then we must have, for 1 <k < —1,

A s
0=-d() +P* D Vi () = &) —p YT RGY) = D Vi ()ds(rP)
s=k s=k+1

by Corollary 2.16. Replacing the arbitrary y above with y? forj = 0,...,e — 1, we find the telescoping
sum

y’k(l po\ ke dk(y) Zp(x k))y —kp .(dk(yp]) 7pk—kykp]7kp)+1dk(yp)+l))

_ Zp(/\. k)]y—kp) p z Vs pVrl =p Z Z p(/\. k))Vs —sp”lds (yp”l)’
s=k+1 j=0 s=k+1
which is clearly equivalent to the expression defining the components w“)(y) fork < ain (3 2) and
where we have once again used Lemma 2.13 to obtain the last equality, since V§ P = Via —sp
This concludes the proof of the statements concerning ker(D; ;).
Let us now prove the statements concerning im(D; ). We see from Definition 3.2 that D, , preserves
the increasing filtration of S¢® by the finite-dimensional subspaces

SEO = {(dk(y)) € S | dp(y) = 0 for k > mand every y € C(v)}. (3.5)

In case A < 0, since Dy, is injective, it must restrict to an automorphism of 8¢9 for each m € N,
concluding the proof of (1). In case A > 1, so long as m > A + 1, the one-dimensional ker(D;..) < SE,
whence D, . (S5) has codimension 1in S, Also for m > A+ 1, the computations (3.3) and (3.4) imply
de 8P & D, (d) € SEP, and therefore D, - (SEY) = im(D;..) N SEY. Thus im(D;.;) has codimension

11in all of S¢®. [ |

We refer to Remark 4.3 for a small example of the relevance of Lemma 3.4 to A-Mahler summability.
The following maps will mediate our Definition 5.13 of A-Mahler discrete residues at torsion Mahler
treest € T;.

Definition 3.5. Let A € Z, t € T, and set e := |C(r)| as in Definition 2.7. We define the 0-section
Iﬁ) (of the map D, . of Definition 3.2) as follows. For (ck(y)) = ¢ € S, let us write (de(y)) =
d=Z(c) € S°™. We set di(y) = 0 for every y € C(r) whenever k € N is such that ¢;(7) = 0 for
every 7 € C(¢) and every k > k. For any remaining k € N, we define recursively

%) = o e Zp“ Ky~ D> V() (P fork#x  (3.6)
- s>k+1
and, if A > 1, we set
A e—1 L
di(y) = Z(} +1-ey ™ o) - D Via(rP)ds(P ) | (37)
j=0 s=a+1
More generally, for any o € K, the w-section Ii‘f? (of D) is defined by setting
A if < O;
70 =7 +(©) ! =5 (3.8)
IO +ow®  ifa>1;
for every ¢ € §¢, where w® is the vector defined in (3.2) for A > 1.

Although, by Lemma 3.4, the map D, is not always surjective, in which case it cannot have an honest
inverse, we show in the following result that their w-sections Ii’f’,) above come as close as possible to
inverting D ,.
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10 | C.E.Arreche and Y. Zhang

Proposition 3.6. Let 1 € Z, t € 7, and set e := |C(7)| as in Definition 2.7. Let w € K and let Z*) be
as in Definition 3.5. Let ¢ € S¢™@, and let us write d := I{“’T’ (c) and € := D; . (d) as in Definition

3.2. Then
c(y) = C(y) whenever k # 1, for every y € C(y); and, (3.9)
P
in case s > 1, ay) —G) = % >y <C~A (V’ﬂ) - > Vi,l(y‘”)ds (VPM)) . (310
j=1 s=a+1

Moreover, ¢ € im(D, ) if and only if c = €.

Proof. The expression (3.6) arises from a similar computation as in the proof of Lemma 3.4. Let ¢ € S
be arbitrary, and let us try (and maybe fail), to construct d e S¢® such that D; . (d) = c, that is, with

G() =—h() +P' D Vi 0ds(y) = PV GG - de(y) =) - Pt D V)ds(yP). (3.17)
s>k s>k+1
Then we again have the telescoping sum

e-1

(p()ﬁk)e . 1)y’kdk(y) _ zp(xfk)jyfkpi . (prkykp,kpmdk (pr) _d (yp)))
j=0
e—1 »
=D p* Iy - > Vi (0P)ds ) |
j=0 s>k+1

which is equivalent to (3.6) provided precisely that k # 1. Thus we see that (3.6) is a necessary condition
on the di(y) in order to satisfy (3.9). In case A < 0, we know that D, ., is an isomorphism by Lemma
3.4(1), in which case this condition must also be sufficient and we have nothing more to show. Let us
assume from now on that A > 1. Since by Lemma 3.4(2) the restriction of Dy , to

S&P :={d e S | d(y) =0 foreveryk <randy € C(y)}

is injective, and since it preserves the induced filtration (3.5), it follows that pr, o D, restricts to an
automorphism of SV, where pr, : S¢@ — S denotes the obvious projection map. Therefore the
necessary condition (3.6) must also be sufficient in order to satisfy (3.9) for k > 1. Since D, , also restricts
to an automorphism of S (trivially so in case % = 1, since S°{”’ = {0}), it similarly follows that the
necessary condition (3.8) must also be sufficient in order to satisfy (3.9) for any k < A also, regardless

of how the d;, (y) are chosen. Now for the prescribed choice of d; (y) in (3.7), we compute

G =P D Viids(rP) = PV () d(vP) — diy) = Y P (P) — du(v), (3.12)

s=a+1

where the first equality follows from the definition of ¢ = D, . (d), and the second equality from Corollary
2.16. On the other hand, after re-indexing the sum in (3.7), evaluated at y? instead of y, we find that

L€
Y (P = %Z(j*e)y’w [ —p* D V(P )ds(v?” )}
=1

s>A+1

and after subtracting d, (y) exactly as given in (3.7) we find that

®
,4

YL ) — dy) =~ L 3y {q(ﬂ)—ﬂ > Vi,l(yp“)ds(y"’“)}

j=1 s=A+1

A
- %(1 —ey |:CA(V) - Vi,l(y)ds(yp)}

s=Aa+1

2 e-1
= —% >oy? [q(yﬁ) - > Vi,l(yp’)ds(yﬂ“)} +a@) —p" D Viindsyh),  (3.13)
j=0

s>a+1 s=a+1
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with the convention that the sum Zf;f isemptyin case e = 1. Putting (3.12) and (13) together establishes

(3.10). Since ¢ = ¢ is a non-trivial sufficient linear condition to have ¢ € im(D; ), by Lemma 3.4(2) it
must also be necessary, since im(D, ;) has codimension 1 in S¢®. This concludes the proof. [ ]

4 Mabhler Dispersion and A-Mahler Summability

Our goal in this section is to prove Theorem 4.2: if f € K(x) is A-Mahler summable for some A € Z, then
it has non-zero dispersion almost everywhere, generalizing to arbitrary A € Z the analogous result for
A = O obtained in [9, Corollary 3.2]. In spite of the exceptions that occur for A > 1, this will be an essential
tool in our proofs that twisted Mahler discrete residues comprise a complete obstruction to A-Mahler
summability.

In the following preliminary result, which generalizes [9, Proposition 3.1] from the special case » =0
to arbitrary A € Z, we relate the Mahler dispersions of a A-Mahler summable f € K(x) to those of a
certificate g € K(x) such that f = A;(9).

Proposition 4.1. Let f,g € K(x) and A € Z such that f = A;(g).

1) If oo € supp(f), then disp(f, co) = disp(g, o0) + 1, except in case 1 # 0 and the Laurent polynomial
component fo, = ¢g € K, in which case we must have g, = co/(p* — 1).

2) If oo # © € supp(f), then disp(f, r) = disp(g, r) + 1, with the convention that co + 1 = o0, except
possibly in case that: ¢ € 75 is torsion ; and A > 1; and g has a pole of order exactly A at every
y € C().

Proof. (1). First suppose that {0} # 6 € Z/P is such that gy # 0, and let us write g, = Zf:o Cip x¥?, where
we assume that ¢icj # 0, that is, that disp(gy, o) = d. Then
, d
d+1 ; :
A,(s) = Prepx? — Xl + D (phcp — )P,
j=1

from which it follows that 0 # fs = Ax(ge) and disp(fy, c0) = disp(A;(gs), o0) = d + 1. Since in this case
disp(f, c0) = max {disp (fys, 0) | {0} # 0 € Z/P, fo # 0}

by Definition 2.11(2), and similarly for disp(g, 00), we find that disp(f, c0) = disp(g, co) + 1 provided that
the Laurent component g, € K[x,x7!] is not constant.

In any case, by Lemma 2.10(2,3), if co € supp(f) then co € supp(g). In this case, we have 0 # foo =
A; (gso), since oo € supp(f), and if A = 0 it follows in particular g ¢ K. In case & # 0 and fo = co € K*,
the computation above shows that g, = 0 for every {0} # 6 € Z/P, and we see that g = gjo) = Co/(P* = 1).

(2). Suppose t € supp(f), and therefore r € supp(g) by Lemma 2.10(4). We consider two cases,
depending on whether disp(g, ) is finite or not.

If disp(g, 7) =: d < oo, let @ € T be such that « and o' are poles of g. Choose y e T such that y? = a.
Then y is a pole of o (g) but not of g (by the maximality of d), and therefore y is a pole of f. On the other
hand, y?""" = &' is a pole of g but not of o (g), for if a?" were a pole of o(g) then o' would be a pole
of g, contradicting the maximality of d. Therefore y*"*" is a pole of f. It follows that disp(f,7) > d + 1.
One can show equality by contradiction: if « € 7 is a pole of f such that «?" is also a pole of f for some
s > d+1, then each of « and o is either a pole of g or a pole of o (g). If ¥ is a pole of g, then « cannot
also be a pole of g, for this would contradict the maximality of d, whence « must be a pole of a(g), but
then o would have to be a pole of g, still contradicting the maximality of d. Hence «” must be a pole
of o(g). But then o' is a pole of g, which again contradicts the maximality of d whether « is a pole of
a(g) or of g. This concludes the proof that disp(f, t) = disp(g, t) + 1 in this case where disp(g, 7) < cc.

If disp(g, t) = oo then g has a polein C(r) by Lemma 2.12, and therefore t € 7. (cf. Remark 2.8).If f also
has a pole in C(z) then disp(f, ) = co = disp(g, t) + 1 and we are done. So let us suppose disp(f, r) < co
and conclude that g has a pole of order exactly A at every y € C(). In this case, writing

0£CGI =2 >, de () and  0=C(f=>. > G (r)

— )k DAY
keN yecC(r) (X ]/) keN yeC(r) (X V)

as in Definition 3.1, it follows from Lemma 3.3 that D, .(d) = ¢, where d := (dk(y)) and ¢ := (ck(y)) = 0.
By Lemma 3.4, > 1 and d = ow™ for some 0 # o € K, where w® = (wff)(y)) is the unique vector
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12 | C.E.Arreche and Y. Zhang

specified in Lemma 3.4(2), whose components satisfy w(y) = 0 for k > 1 and w{’(y) = y* # 0 for
every y € C(1).

In the next result we deduce from Proposition 4.1 that if f € K(x) is A-Mahler summable then f has
non-zero dispersion almost everywhere.

Theorem 4.2. Let 1 € Z and and suppose that f € K(x) is A-Mahler summable.

1) If oo € supp(f) and either A = 0 or f ¢ K then disp(f, o0) > 0.
2) If » < 0 then disp(f, ) > 0 for every oo # t € supp(f).
3) If A > 1 and oo # t € supp(f) is such that either v € 75 or ord(f, r) # A then disp(f,r) > 0.

Proof. Suppose f € K(x) is A-Mahler summable and let g € K(x) such that f = A,(g).

(1) and (2).If oo € supp(f) then by Proposition 4.1(1) disp(f, o) = disp(g, c0)+1 > O provided that either
L =0o0rfo ¢ K. If 2 <0 then disp(f, r) = disp(g, t) + 1 > 0 for all co # t € supp(f) by Proposition 4.1(2).

(3). Assuming that o > 1, we know by Proposition 4.1(2) that disp(f, ) = disp(g, ) + 1 > 0 for every
oo # t € supp(f), except possibly in case t € T; and g has a pole of order exactly A at every y € C(z).
Thus our claim is already proved for r € 75. So from now on we suppose r € 7. By Lemma 2.10(7),
ord(f,r) = ord(g, r), and therefore if ord(f,t) < A, there are no poles of g of order » anywhere in t,
let alone in C(r), whence disp(f, ) = disp(g, ) + 1 > 0 by Proposition 4.1(2) in this case also. Moreover,
if f has a pole of any order in C(r), then disp(f, t) = co > 0 by Lemma 2.12. It remains to show that if
m = ord(f,r) > A then disp(f,z) > 0. In this case, even though ord(g,7) = m > 1 by Lemma 2.10(7) it
could be the case that g has a pole of order exactly A at every y € C(r) and yet the order-m poles of g lie
in the complement r — C(z), in which case Proposition 4.1 remains silent. So let a4, ..., as € sing(g, t) be
all the pairwise-distinct elements at which g has a pole of order m > A. Choose g; € t such that ,ij =g

forj=1,...,s,and let us write g, = Z}‘S:1 (X_di"”m + (lower-order terms) so that
7
° Avm 1(;;:/3]) d d}
L= + (lower-order-terms 4.1
i ;(% G-gpyr ey | T : &

by Lemma 2.17. If any o; € C(z), then by Proposition 4.1(2) we already have disp(f, r) = disp(g,7) +1 > 0.
So let us now further assume that no «; belongs to C(r). Then there exists jo € {1,..., s} such that
oszr # aj, for every j # jo and every r € Zso, for otherwise we would have at least one «; € C(r). Then
every ¢, # aj,, and it is now clear that the apparent pole of f; at this o, in (4.1) is a true pole of f; (i.e,
it does get canceled). Similarly, the p elements ¢, 8j,, which are obviously pairwise distinct, are also all

different from every o, and moreover ¢}, = ¢, B if and only if i’ = i and j’ = jo. Thus, in particular, the
apparent pole of f; at §j, in (4.1) is also a true pole of f;. Thus disp(f, ) > 1 also in this last case where
ord(f,7) =m > A. [ |

Remark 4.3. The exceptions in Theorem 4.2 cannot be omitted. If » # 0 then every Ak(ﬁ) =ce
K is A-Mahler summable and has disp(c, o) = 0 whenever ¢ # 0. If A > 1 then for any y € C(x)
with ¢(r) =: e > 1 one can construct (cf. Section 5.3) g = >%}_, Zﬁ;é Cre - (X — yP )% such that
disp(As(9), ) = 0. The simplest such example is with A,y,e = 1 (and p € Z, still arbitrary):

,_ 1\  p 1 pvhM-1 Vi) S g
f'_Al(x—l)_xP—l_x—l_ x—1 +Z X = _Zx—g“;;'

i=1 i=1

which is 1-Mahler summable but has disp(f, (1)) = 0. We provide a slightly more elaborate
illustration of this phenomenon in Example 7.3. More generally, all other such examples for
arbitrary A > 1 and r € 75, of f € K(x) such that f, is A-Mahler summable but disp(f,z) = 0,
arise essentially from the construction f, := A,(g,) with

3P
k
k=1 yeC(1) V)

for an arbitrary constant 0 # » € K and the vector w® = (w_”(y)) defined in Lemma 3.4(2).
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5 Twisted Mahler Discrete Residues

Our goal in this section is to define the A-Mahler discrete residues of f(x) € K(x) for A € Z and prove our
Main Theorem in Section 5.4, that these A-Mahler discrete residues comprise a complete obstruction to
A-Mahler summability. We begin with the relatively simple construction of A-Mahler discrete residues
at oo (for Laurent polynomials), followed by the construction of A-Mahler discrete residues at Mahler
trees t € T = To U T+ (see Definition 2.7), first for non-torsion r € 7y, and finally for torsion t € 74, in
increasing order of complexity, and prove separately in each case that these A-Mahler discrete residues
comprise a complete obstruction to the A-Mahler summability of the corresponding components of f.

5.1 Twisted Mahler discrete residues at infinity

We now define the A-Mahler discrete residue of f € K(x) at oo in terms of the Laurent polynomial
component fo, € K[x,x7!] of f in (2.1), and show that it forms a complete obstruction to the A-Mahler
summability of f.. The definition and proof in this case are both straightforward, but they provide
helpful moral guidance for the analogous definitions and proofs in the case of A-Mahler discrete
residues at Mahler trees r € 7.

Definition 5.1. For f € K(x) and A € Z, the A-Mahler discrete residue of f at oo is the vector

dres, (f, 00) = (dres-A(f, oo)g)GEZ/P € ED K

0eZ/P

defined as follows. Write foo = 33575 fo as in Definition 2.2, and write each component f, =
Z}'ZO clp,xipJ with p 4 i whenever i # O (that is, with each 1 initial in its maximal P-trajectory 6),
and where hy = 0if fy = 0 and otherwise hy € Zo 1s as large as possible such that ¢, # 0.
Then we set

o ifA=0;

hg
dres; (f, 00)g :=p" > " p~cy, fore # {0); and  dres;,(f, 00)(g = o ifrz0

j=0

Proposition 5.2. For f € K(x) and A € Z, the component f,, € K[x, x"]in (2.1) is A-Mahler summable
if and only if dres, (f, o0) = 0.

Proof. By Lemma 2.3, f,, is A-Mahler summable if and only if f, is A-Mahler summable for all 6 € Z/P.
We shall show that f, is A-Mahler summable if and only if dres; (f, 00)s = 0. If & # 0 then fio; = A»\(pf%l)
is always A-Mahler summable, while we have defined dres; (f, c0)(g; = 0 in this case. On the other hand,
for A = 0, fio; = dreso(f, 00)(0;, and disp(fio}, 00) = 0 if fi0; # O, while if fio; = O then it is clearly A-Mahler
summable. By Theorem 4.2(1) in case A = 0, and trivially in case A # 0, we conclude that fig) is A-Mahler
summable if and only if dres; (f, c0)(gy = 0.

Now let us assume {0} # 6 € Z/P and let us write fy = 3.4 iy x? e K[x,x 1], for the unique minimal
i € 0 suchthatp{i.If fy = 0 then we have nothing to show, so suppose f, # 0 and let hy € Z.o be maximal
such that ¢y, # 0. Letting AV .= p"o" —id as in Lemma 2.17, we find that

hy . he . .
fro =fo+ A;h"ﬂ)(cip xPy = prcy, XP" 40 = dres; (f, 00)g - X7
j=0 j=0

By Lemnma 2.17, we see that f, is A-Mahler summable if and only if f,  is A-Mahler summable. Clearly,
fw = 0if and only if dres(f, o0)s = 0. We also see that disp(fw, o0) = 0 if dres; (f, 00)y # 0, in which case
fre cannot be A-Mahler summable by Theorem 4.2(1), and so f, cannot be A-Mahler summable either.
On the other hand, ifﬂ_g = 0 then f, is A-Mahler summable by Lemma 2.17. [ ]

Remark 5.3. The factor of p*™ in the Definition 5.1 of dres, (f, o) for {0} # 6 € Z/P plays no
role in deciding_whe’thelrfOQ is A-Mahler summable, but this normaliz_ation allows us to define
uniformly the fi, = dres;(f, 00y - xP" as the 0-component of the f;, € K(x) in the A-Mahler
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14 | C.E.Arreche and Y. Zhang

reduction (1.2). For every {0} # 0 € Z/P, we set hy(f) to be the hy defined in the course of the
proof of Proposition 5.2 in case f, # 0, and in all other cases we set hy(f) := 0.

5.2 Twisted Mahler discrete residues at Mahler trees: the non-torsion case
We now define the A-Mahler discrete residues of f € K(x) at non-torsion Mahler trees t € 75 in terms
of the partial fraction decomposition of the component f; € K(x), in Definition 2.5, and show that it
forms a complete obstruction to the A-Mahler summability of f,. We begin by introducing some auxiliary
notions, which already appeared in [9], but with an unfortunately different choice of notation.

Definition 5.4. Let t € Ty, y € 7, and h € Zx. The bouquet of height h rooted at y is

ﬂh(y):={aer|o¢p"=yforsome05n§h}.

Lemma 5.5 (cf. [9, Lem. 4.4]). Lett € To and S C 7 be a finite non-empty subset. Then there exists
a unique y € r such that S € By(y) with h as small as possible.

Proof. This is an immediate consequence of the proof of [9, Lem. 4.4], whose focus and notation was
rather different from the one adopted here, so let us complement it here with an alternative and more
conceptual argument. As explained in [9, Remark 2.7 and Example 2.9], we can introduce a digraph
structure on 7 in which we have a directed edge « — & whenever of = &, resulting in an infinite (directed)
tree. The “meet” of the elements of S is the unique y € v such that S C By(y) with h as small as possible.

Definition 5.6 (cf. [9, Def. 4.6]). For f € K(x) and t € supp(f) N 7o, the height of f at r, denoted by
ht(f, 7), is the smallest h € Z.o such that sing(f, t) € Bn(y) for the unique y € r identified in
Lemma 5.5 with S = sing(f, t) C t. We write B(f, t) := Bn(y), the bouquet of f in r. For « € B(f, 1),
the height of « in f, denoted by n(«|f), is the unique 0 < n < h such that o' = y.

Example 5.7. Consider p = 3 and r = 7(2) as in [9, Example 2.9], let @1 := ¢{3v/2 and ay := ;“323/5
and suppose f € K(x) is such that sing(f, ) = {a1, a»}. The first common 3-power power of oy
and ay is y = 2 = o}’ = o} — this is the “meet” of &1 and a; referred to in the proof of Lemma
5.5, and h = 2 is the largest exponent n such that «®" = y for some « € sing(f, r). We see that

sing(f, 1) C @ =fe eK|a¥ =2} Ufe eK|o® =2} U{e e K| a® =2} = B(f, 1),

which is the union of the elements « whose n(«|f) (heightin f) is 2, 1, 0, respectively. So n(a1|f) =
2 and n(azlf) = 1 and »2|f) = O (the latter is defined even though 2 ¢ sing(f, r), because
2 € B(f,1)).

In [9, Def. 4.10] we gave a recursive definition in the A = 0 case of Mahler discrete residues for non-
torsion r € 7p. Here we provide a non-recursive definition for A € Z arbitrary, which can be shown to
agree with the one from [9] in the special case A = 0 (see Proposition 5.21).

Definition 5.8. For f € K(x), A € Z, and t € Ty, the A-Mahler discrete residue of f at v of degree k e N
is the vector

dl’ESx(fy 7,k) = (dresx(f, T,k)a)aer € @K

aET

defined as follows.
We set dres; (f, 7, k) = 0if either t ¢ supp(f) or k > ord(f, r) as in Definition 2.9. For = € supp(f), let

I W rie? 51)

keN aet
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Twisted Mahler Discrete Residues | 15

We set dres, (f, 7,k), = 0 for every k € N whenever « € 7 is such that either « ¢ B(f, r) or, for
a € B(f, 1), such that n(«|f) # h, where h := ht(f, ) and B(f, r) are as in Definition 5.6.
Finally, for the remaining « € B(f, ) with n(e|f) = h and 1 < k < ord(f, r) =: m, we define

m h
dres, (f, 7, ko = D D" PV} (@), (5.2)

s=k n=0

where the Mahler coefficients Vi q(e) are as in Proposition 2.15.

We compute explicitly the 1-Mahler discrete residues of a concrete f € K(x) in Example 7.1. A
computational example of 0-Mahler discrete residues is presented in [9, Example 5.1], but computed
differently (see Proposition 5.21).

Proposition 5.9. For f € K(x), A € Z, and t € 7o, the component f, is A-Mahler summable if and
only if dres, (f, 7,k) = 0 for every k € N.

Proof. The statementis trivial for t ¢ supp(f) < f. = 0.Solet us suppose t € supp(f), andleth := ht(f, 1),
m := ord(f, ), and n(a) := n(«|f) for each a € B(f, 7). Writing f, as in (5.1), let us also write, for 0 <n < h,

n
= Z Z Ck(a) sothat  fr= > f".
n=0

k=1 aep(f, r)
n(@)=n

By Lemma 2.17, for each 0 < n < h, we have

- >V @cs(@)
h-m\ _ s=k ' kn S
o) -3 3 Tt
k=1 aep(f,7)
n(a)=h

and therefore

Py kv (@)Cs(@P")

Aﬁln) ( T(h—n)) — h n) +Z Z

k
k=1 aep(f,7) -
n(a)=h
It follows from the Definition 5.8 that
n
fomfor 3 ap (o) =3 3 SRR 53
n=0 k=1 aetr

By Lemma 2.17, f,, — f; is A-Mahler summable, and therefore f, is A-Mahler summable if and only
if f,. is A-Mahler summable. If dres, (f,7,k) = O for every 1 < k < m, then f, . = 0 and therefore f; is
A-Mahler summable. On the other hand, if some dres; (f, 7, k) # 0, then 0 ;éfm has disp(ﬂr, 7) = 0. This
is because, in Definition 5.8, the only « € t for which dres(f, t, k), could possibly be non-zero in (5.2) are
those with n(«) = h, so itis impossible to have any such « be a p-power power of another (see Definition
5.6 and Definition 2.11(1)). By Theorem 4.2(2,3) f,.. could not possibly be A-Mahler summable unless it
is 0, and therefore neither could f;. This concludes the proof that f; is A-Mahler summable if and only
if dres, (f, 7, k) = 0 for every k € N. [ |

Remark 5.10. Tor f € K(x) and = € supp(f) N 7o, the element f, . in (5.3) is the r-component of the
fr € K(x) in the A-Mahler reduction (1.2).
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5.3 Twisted Mahler discrete residues at Mahler trees: the torsion case

We now define the A-Mahler discrete residues of f € K(x) at torsion trees v € 7; (see Definition 2.7) in
terms of the partial fraction decomposition of the component f, € K(x), in Definition 2.5, and show that
it forms a complete obstruction to the A-Mahler summability of f,. The definitions and proofs in this
case are more technical than in the non-torsion case, involving the cycle map D, , of Definition 3.2 and
its w-section I{‘f’r) from Definition 3.5, for a particular choice of constant w € K associated to f, which we
construct in Definition 5.12.

We begin by recalling the following definition from [9], which is the torsion analogue of Definition 5.6.
Definition 5.11 (cf. [9, Def. 4.6]). For t € 7; and « € t, the height of «, denoted by n(w), is the

smallest n € Zso such that o € C(z) (cf. Definition 2.7). For f € K(x) and t € supp(f) N T3, the
height of f at t is

ht(f, ) == max{n(@) | « € sing(f, 1)},

or equivalently, the smallest h € Z-o such that " € C(r) for every pole « of f in 7.

The following technical definition will allow us to use the correct w-section Z{”) from Definition 3.5
in our construction of A-Mahler discrete residues in the torsion case.

Definition 5.12. For f € K(x) and t € supp(f) N 75, let us write

Cr(0)
f’ = ZZ (Xk_o;)k'

keN aet

For A € Z, we define the residual average w; . (f) € K of f (relative to A and r) as follows.

If A <Oorifh:=ht(f, r) = 0 (cf. Definition 5.11), we simply set w; . (f) = 0. In case both A, h > 1, let
7, := {a € 7| n(a) = h} be the set of elements of r of height h. Let us write ¢ = (ck(y)), for y ranging
over C(z) only, and let (d;o)(y)) =d? = I{?T)(c) as in Definition 3.5 and (Gx(y)) = € = D,\,T(d@),
as in Definition 3.5. Then we define

h-1
1 . . N A(h—1) 5
orelf) = e 2 2 2 P Ve e - 2 > 2 Vi ar CEGm +dPw), (54)
aet, s>A n=0 yeC(r) s=i

where the universal Mahler coefficients V3 ; € Q are defined as in Section 2.5.

Explicit computations of the residual average w, . (f) are presented in Examples 5.15, 7.2, and 7.3.
The significance of this definition and our choice of nomenclature is explained in the proof of
Proposition 5.19 below (with the aid of Lemma 5.18). We are now ready to define the A-Mahler discrete
residues at torsion Mahler trees. In [9, Def. 4.16] we gave a recursive definition of Mahler discrete residues
for torsion r € 75 in the A = 0 case. Here we provide a less recursive definition for A € Z arbitrary, which
can be shown to agree with the one from [9] in the special case » = 0 (see Proposition 5.21). This new
definition is only less recursive than that of [9] because of the intervention of the map I{‘ff, for which
we have not found a closed form and whose definition is still essentially recursive.

Definition 5.13. For f € K(x), > € Z, and t € T with r c K{, the A-Mabhler discrete residue of f at r of
degree k € N is the vector

dresx(f, 7,k) = (dresk(f, T,k)a)aer € @K

aET

defined as follows.
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We set dres; (f, 7, k) = 0if either t ¢ supp(f) or k > ord(f, r) as in Definition 2.9. For = € supp(f), let

=33 Ck(og)b (5.5)

keN aet

We set dres; (f,t,k)e = O for every k € N — {1} whenever « € 7 is such that n(a) # h, where
h := ht(f,r) and n(a) are as in Definition 5.11. In case » > 1, we set dres; (f,7,A), = 0 also
whenever n(a) ¢ {0, h}.

In case h = 0, so that sing(f, ) € C(z), we simply set

dres, (f, 7, k), = k(y) (5.6)

forevery 1 <k < ord(f,r) and y € C(x).

In case h > 1, let us write ¢ = (ck(y)) for y ranging over C(r) only, and let (dp(y)) =d = Iﬁ’,}(c) asin
Definition 3.5, where w := w; . (f) (cf. Definition 5.12), and (Ck(y)) = € := D; . (d) as in Definition
3.2.For « € r such that n(e) = h and for 1 <k < ord(f, r) =: m, we define

m h-1

dres, (f, 7, R = > > pVE (@)cs (@) — pHID szh (G (aph”’l) +ds (o,ph”’l)), (5.7)

s=k n=0

In case A > 1, for y € C(r) we set

dres, (f, 7,4y = G(y) = Gly) = Zy w (cmﬂ’)—p > ViaPdso )) (5.8)

s=Aa+1

As before, the Mahler coefficients Vi (@) and the universal Mahler coefficients Vi, areas in
Section 2.5.

Remark 5.14. The Definition 5.13 can be expressed equivalently in ways that are easier to
compute but more difficult to write. We cannot improve on the definition (5.6) in case h = 0;
so let us address the case h > 1. The different ingredients used in Definition 5.13 are best
computed in the following order. In every case, one should first compute the vector d® =
Z{%(c) of Definition 3.5. Every instance of & in (5.4) and in (5.7) can (and should) be replaced
with ¢, with the single exception of ¢, (if it happens to occur), which should be rewritten in
terms of the ¢; and d* using (3.7). There is no need to find & by applying D;., to anything. Having

made these replacements, and only then, one should then compute the residual average o from

Definition 5.12, if necessary, using (5.4). If this o = 0 then we already have all the required

ingredients to compute our discrete residues. Only in case w # 0, we then proceed to compute

the vector w® of Lemma 3.4(2), and by Definition 3.5 we can replace the ds in (5.7) with

A +»-w, all of which have already been computed, and now we are once again in possession

of all the required ingredients.

Example 5.15. In the small example f = > g}i/(x ¢}) considered in Remark 4.3, we have i = 1,
t=1(1),C() ={l}=n,e=1Lh=1andn ={|i=1,...,p—1}. Here we have ¢ = (ce(D))ren =
0, whence so are d? = & = 0. Moreover, cl({p) = gp fOl’l =1,...,p—1,and every cs(@) = O for
s > 2, so we compute from (5.4)

- 1.0
oLe(f) = po) : ZZZP“VM ) e((6)") = B D vipl 0+ 0)

i=1 s>1 n=0 s>1

1 2

=—7255-1.0=1
p =1

$20Z 1890100 9Z U0 1sanb Aq /£E1£8//8E€Z8RUIUIWI/SE0L 0 | /I0P/3|91LE-80UBAPE/UIWI/WOD dNo olwapede//:sdiy Woll papeojumod



18 | C.E.Arreche and Y. Zhang

Next we compute the vector w = (Wg(1))key, Which is given by we(1) = 8 (Kronecker’s
8), whence the vector d = I;lf = 1.-w®. Since m = 1, according to Definition 5.13 every
dres; (f, (1), k)y = 0 except possibly fork =1 and « ¢ {;;, [1=0,...,p— 1} = 1o U . But since
¢ =0 = ¢, we find dres(f, t(1), 1)1 = 0 immediately from (5.8). The remaining components of
the vector dres+(f, 7(1), 1) are computed by (5.7):

1

1 0
dres: (f, (), Dy = >0 30 p"V@es((6)) — 0 D Viole) T (04 d:((5)")) =4 - =0.

s=1n=0 s=1

We encourage the reader who would find it helpful at this point to see more instances of
the computational strategy of Remark 5.14 in action to consult the more elaborate concrete
Examples 7.2 and 7.3.

We next present three preparatory Lemmas that will aid us in streamlining our proof of Proposi-
tion 5.19 below that the A-Mahler discrete residues just defined comprise a complete obstruction to
the A-Mahler summability of f; for ¢ € 7;. We hope that the reader who, like us, finds the above
Definition 5.13 painfully complicated, especially in comparison with the relatively simpler Definition 5.8
in the non-torsion case, can begin to glimpse in the statements of the following preliminary results
the reasons for the emergence of the additional ingredients in Definition 5.13 that are absent from
Definition 5.8. This is why we have chosen to present them first, and postpone their proofs until after
their usefulness has become apparent in the proof of Proposition 5.19.

Lemma 5.16. If f € K(x) and r € supp(f, ) N 7 are such that ht(f, t) = 0 then f; is not A-Mahler
summable for any A € Z.

Lemma 5.17. Let A € Z and t € 75, and set e := |C(7)| as in Definition 2.7. Let f € K(x), and write

Cf) = Yken Xyecin 5o as in Definition 3.1. Let us write ¢ = (ck(y)) € S°@. Let w € K be

arbitrary, and let d = (di(y)) = I;“; (c) as in Definition 3.5 and ¢ = D, ,(d) as in Definition 3.2.

Set
de(y) 20 M@ + de(y))
n=3 ¥ and gi=-y > > RO (59)
keN yeC(r) x- y)k keN yeC(r) i=1 x- {FY)k
Then

ifA<0;

g1
C(fo) — An(go) = - 5.10
(f 9o G +Y, e C'((Q;C)(y) ifas> 1, (5.10)
Moreover, for any h > 1, writing 7, := {e € t | n(e) = h}, we have
> k Viyhilakfsph“*l & e +d, e
gy =->3 = (f—a)k ) ( )) (5.11)

keN aen,

Lemma 5.18. LetA > 1, h> 1,)_‘, e KX);,and t € supp(f) N7, such that ord(f, ) =Aand

Cr ()

A
sing(f,7) C o = {a € 7 | n(a) = h}, so that we can write  f, = > X

k=1 aety

If f, is A-Mahler summable then all the elements «=*C;(«) are equal to the constant @ =

ﬁ D e, oG (@), which is their arithmetic average. Letting e := |C(r)|, we have |r| = (p" —

pHe.
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Proposition 5.19. For f € K(x), » € Z, and t € T;, the component f, is A-Mahler summable if and
only if dres, (f, 7,k) = 0 for every k € N.

Proof. The statement is trivial for t ¢ supp(f) < f. = 0. If ht(f, ) = 0 then 0 # f, cannot be A-Mahler
summable by Lemma 5.16, whereas in this case we defined dres(f, 7, k), = ck(y) in (5.6) of Definition
5.13, and we obtain our conclusion vacuously in this case.

From now on we assume t € supp(f), and let h := ht(f, ) > 1, m := ord(f, ), and w := w; . (f). Writing
frasin (5.5), let ry := {a € v | n(a) = n} for n € Z-o and let us also write

h
f(n) Z Z Ck(a) so that _f‘[ _ Zfz(n)'
n=0

k=1 o€t

Similarly as in the proof of Proposition 5.9, we compute that by Lemma 2.17, foreachO <n <h -1 we
have

(@?)

o (500) = )33 M

k=1 €T,

and therefore (notice that the component f = C(f,), corresponding to n = h, is left untouched!)

”‘V; 2)Cs(@P")

h—-1 m
Fur = fe + D AP ) = ZZ Tk 2o Op — 3 Ck(’;))k. (5.12)
n=0

k=1 €T, k= 1yec(r)

Let us now Wﬁte as in Definition 5.13 (in the present case h > 1), ¢ = (ck(y)) for y ranging over C(r) = 1o
only, (de(y)) = d :=Z?)(c), and @ (y)) = & := D . (d).

Writing go and g1 asin (5.9), it follows from Lemma 5.17 and Definition 5.13 (where in case » < 0, we
use (5.7) alone; and in case A > 1, we use (5.7) for « € 7, and (5.8) for @ € C(v)) that

d B
e =Fre = 20@0) + AT V(g1 = ZZ%’}&)A (5.13)

k=1 aer ( 0{)
By a twofold application of Lemma 2.17, to (5.12) and to (5.13), we find that
f, is A-Mahler summable < f, . is A-Mahler summable < f, , is A-Mahler summable.

On the other hand, we see from (5.13) that f, . = 0if and only if dres, (f, r, k) = 0 for every k € N. Therefore
we immediately conclude that if dres;(f,7,k) = 0 for every k € N then f; is A-Mahler summable.
Moreover, in case A < 0, if f; is A-Mahler summable, so thatf“ is also A-Mahler summable, then we must
have f; ; = 0. Otherwise we would have, in contradiction with Theorem 4.2(2), that disp(f; -, t) = 0. This
is because, by (5.10) in Lemma 5.17 in case A < 0 (cf. (5.7) in Definition 5.13), we have dres, (f, 7, k), = 0
for every k € Nand « ¢ 7, and it is impossible to have any such « being a p-power power of another
when h > 1 (see Definition 5.11 and Definition 2.11(1)). This concludes the proof of the Proposition in
case A <0.

It remains to prove the converse in the case where A > 1: assuming f, is A-Mahler summable, we
must have dres, (f, 7,k) = 0 for every k € N. By Proposition 3.6, we must have ¢ = ¢, and therefore in
(5.8) dres, (f, 7,k), = c.(y) — C.(y) = 0 for every y € C(r), whence sing(f“, 7) C 1), by the Definition 5.13
of dres, (f, 7, k) (since we set dres, (f, r, k), = 0 whenever « € 7 is neither in 7, nor in C(r)). Moreover, if
we had f; . # 0, contrary to our contention, then we would have disp(f, ., t) = 0 (for the same reasons
as those just discussed above in the case A < 0), and by Theorem 4.2(3) this can only happen in case
ord(ﬂ,,, 7) = 1. So we already conclude that dres, (f, r, k) = 0 for every k > A if f, is A-Mahler summable.
If we can further show that dres; (f, r, A) = 0 also, then this will force ord(ﬂ,,, 1) # A and we will be able
to conclude that actually dres, (f,7,k) = 0 for every k € N, as we contend, by another application of
Theorem 4.2(3).
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Thus it remains to show thatif f; is A-Mahler summable then dres; (f, 7, 1) = 0, which task will occupy
us for the rest of the proof. We already know that dres, (f, r,k) = 0 for every k > i and dres; (f,7,1), =0
for every y € C(r), and therefore f; , satisfies the hypotheses of Lemma 5.18 by (5.13) and the Definition
5.13 (where we had set dres, (f, t,k), = 0 whenever o € 7 is neither in 7, nor in C(r)). So let us write
() = dres,(f,7,k), (given here as in (5.7)) as in Lemma 5.18, so that f,, = >}_, S wen, &’:(g;k and
compute the arithmetic average @ of the elements «=*; (&) for o ranging over r,, which must be equal
to @=*C, () for each @ € 7, by Lemma 5.18. Firstly, we see that

\zm (zzpmvi"(a)cswp )) ph e 2 ZZP‘”VS oo,
QAETH

s> n=0 €Ty s>A n=0

since V§ (@) = V3 -o*~" by Lemma 2.13. Secondly, we find that in the remaining portion of the average
of ™G, (@) = a~*dres, (f, 7, 1)s for @ ranging over z;,

ﬁ Z A( A(h—1) ng . 10[ phe-1 (65 (ot phe- 1) +d, ( h+el)))

aET, s=A

- % 2.2 Vins (( ) H)75 (Es ((“ph)pH) +ds ((aph)pH)), (5.14)

aETH S=A

the summands depend only on ¥ = y € C(r). For each y € C(1), the set {« € 1, | & = y} has ph — p~?
elements: there are (p — 1) distinct p™-roots of y that do not belong to C(r), and then there are p"~!
distinct (p"~1)™ roots of each of those elements. Therefore the expression in (14) is equal to the simpler

A(h—1)
E Z zVi,le—s(Es(V) +ds(y)), whence the average
y€eC(t) s=r
_ 1 _ . §
o= 20 @ = ph Te ZZZP“VS P eg@?") (5.15)

aET), aety n=0 s>A

Note that this is not necessarily the same as the similar expression for the residual average w; . (f) given
by (5.4) in Definition 5.12, which was defined with respect to (d” (y)) = d* := Z\%(c) as

o (f) = T —pe ZZZP“VS ey - P DDV G +dP ().

aety s>A n=0 y€eC(t) s=r

A(h—l)

And yet, by (3.8) in Definition 3.5 and the definition (3.2) of w® in Lemma 3.4, we have ds(y) = d(y)
for every s > A and y € C(r) and di(y) = wi.(f) - y* + d;o)(y) for each y € C(r). By Corollary 2.16,

Vi1 = p~*"=D and therefore we find from (13), with  := w, . (f), that

“=1 Ph e ZZZPMVS “Fes(a?)

a€ty n=0 s=i

pH - 0 py " s )
- DD VG +dPm) — > Vi PG oyt +d0 ()
y€eC(r) s=r+1 yeC(r)
A(h 1)
—w— z p’}‘(h 1))/’A}/Aa)—w w=0.

yeC(r)

Since we must have G, («) = dres; (f,7,1), = e*® in (13) for each « € 7 by Lemma 5.18, it follows that
dres; (f, 7, ») = 0, concluding the proof of Proposition 5.19. [ |

Remark 5.20. For f € K(x) and 7 € supp(f) N T4, the element f, , in (5.13) is the r-component of
the f; € K(x) in the A-Mahler reduction (1.2).

Next we provide the proofs of the preliminary Lemmas that we used in the proof of Proposition 5.19.
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Proof of Lemma 5.16. It suffices to show that for any g € K(x) such that g, # 0, ht(A,(g),t) > 1. So let
m = ord(g,7), h :=ht(g, 1), 7 ;= {e € T | n(e) =n} forn € Zop, and 0 £ g, = S0, 3" /> d@  Thep

Q€T (x—a)k

prvm d
Ay (9) = Z # + (lower-order or lower-height terms),

®EThi

and since p*\/mi(a} = p'Ma™PM by Corollary 2.16 and at least one dn(a’) # O for some
@ € 7t by assumption, we conclude that A;(g) has at least one pole in 7., and therefore
ht(Ax(@),7) =h+1>1. |

Proof of Lemma 5.17. It follows from (2.4) and Lemma 3.3 that

&(y) P Y V. & y)ds(vP)
v =Y ¥ Py 5 3 e

keN Vec(r) keN yeC(r) i=1

To see that p* . Vi (6,1)ds (") = ¢, @ (y) + dr()), note that V§ , (5,1) = ()% - Vi = g1V} () for
every s > k simultaneously by Lemma 2.13, and p* 2osk Vi (Vs (¥P) = G(y) + dk(y) by the Definition
3.2 of ¢ = Dy .(d). This concludes the proof of (5.10). Y

ForyeCr)andl<i<p-11letSy,i)={aer| o = ;“;;y}. Then 1, is the disjoint union of the
sets S(y, 1), and it follows from Lemma 2.17 that, foreach y e C(zr) and 1 <i<p -1,

oh-l(z c;k(ﬁk(ywdk(y») D3 Tz Vipa @8 Er) +ds ). (5.16)

i,,)\k k
— X—o
keN x fp)/) keN aeS(y,i) ( )

h+e—1

Foreacha € S(y,i) & o' = g}iy, we compute of =y and ;;,5 = o"'1-P) | and therefore each

Vit @6 G +ds () = Vi @a® ™08 (& (@) 4 ds (7).

By Lemma 2.13, Vi, () = Vi, 4 -o*=""" and therefore V;hfl(a)asl"‘"’lﬂfpe) =V, ok P Tt follows
that (5.16) is equal to
_ophte-1 [~ +e—1 h+e—1
5 5 e () ()
—Q)F '
keN aeS(y,i) (X Ol)
and (5.11) now follows by summingover y e C(y)and 1 <i<p-—1. ]

Proof of Lemma 5.18. First of all, || = (ph — phfl)e because there are e elements in C(z), each of which
has (p — 1) distinct p™ roots (of height 1) that do not belong to C(r), and each of these latter elements
has p"~! distinct (p"—")™ distinct roots—it follows from the Definition 5.11 that « € v has height n(a) = h
ifand only if ¢ is a (phfl)th root of an element of height 1. Moreover, the a~*, («) are all equal to one
another if and only if they are all equal to their arithmetic average. It remains to show that «=*C; (@) is
independent of a.

Now let g, € K(x), such thatﬁ = A;(g,). By Lemma 2.10(7), ord(g, t) = ord(f, ) = A, SO we can write

A h-1

=X 3

k=1 n=0 e€m

because if g had a pole in 1, for some n > h then A, (g.) = f, would have a pole in 7,4, contradicting our
assumptions. Let d = (dk(y)) for y ranging over C(r) only. Since A;(g,) = f; has no poles in C(r), we must
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have d € ker(D, .) by Lemma 3.3. In particular, for each y € C(r) we must have

0=0() = Dic@)sy = —di(y) + D PV51(r) =y P du(y?) — da(y),

s>

since ds(y) = O for every s > 4 and y € C(r) and V},(y) = p~*y*P* by Corollary 2.16, and therefore
y~*d,(y) = @ is a constant that does not depend on y € C(t). This is the base case n = 0 of an induction
argument showing that o =*d, (¢) = @ is independent of « € 7, for 0 < n < h — 1. Indeed, it follows from
Lemma 2.17 and our assumption that sing(f, ) N C(r) = @ that

PV} (@) di(e?) — di(@)

X—a) + (lower-order terms)
-

S(Er )-S5

n=0 aem, n=0 a€Tn1

a* py—* p
- Z Z (@ ) dk(a ) — 4 (@) + (lower-order terms)

A
n=0 a€tni1 0()
_Z CA(O‘) — + (lower-order terms), (5.17)
15

where the second equality follows from the computation V},(«) = p~*"?* in Corollary 2.16. In case
h = 1 we have already concluded our induction argument. In case h > 2, we proceed and find from (17)
that

o (@) M) —di(@) =0 &= o tdi@) = @) M) =

foreach « € 1,41 whenevern+1 < h—1, since o? € 1, for such an «, concluding our induction argument.
Finally, since d; (@) = 0 for @ € 7, we find again that G, (¢) = o* - ((@?)7*d;.(eP)) = o*@ for a € 7, since
d, () = 0 and oP € 1,,_1 for such «, whence each d, () = aP*®. [ |

5.4 Proof of the Main Theorem

Let us now gather our earlier results to prove the Main Theorem 1.1 stated in the introduction, that
the A-Mahler discrete residue at oo constructed in Definition 5.1 for the Laurent polynomial component
foo, together with the A-Mahler discrete residues at Mahler trees v € 7 constructed in Definition 5.8 for
non-torsion r € 7 and in Definition 5.13 for torsion r € 7., comprise a complete obstruction to the
A-Mahler summability problem.

Main Theorem (Theorem 1.1). For & € Z, f € K(x) is A-Mahler summable if and only if the A-
Mahler discrete residues dres; (f, o0) = 0 and dres; (f, t,k) = 0 for every t € 7 and every k € N.

Proof. Let f € K(x). By Lemma 2.1, f is A-Mahler summable if and only if both f,, and f+ are Mahler
summable. By Proposition 5.2, fo, is A-Mahler summable if and only if dres(f, co) = 0. By Lemma 2.6, f+
is A-Mahler summable if and only if f; is A-Mahler summable for each r € 7 = 7o U 7;. By Proposition
5.9 in the non-torsion case r € 7o, and by Proposition 5.19 in the torsion case t € T4, f. is A-Mahler
summable if and only if dres, (f, r,k) = 0 for every k € N. |

5.5 Mabhler reduction

We can now define the A-Mahler reduction ﬂ of f € K(x) in (1.2), in terms of the local reductions
constructed in the proofs of Proposition 5.2, Proposition 5.9, and Proposition 5.19:

for= D fuot D fre= D, dresi(fo0) XD £33N dresif 7, Ra (5.18)

— o)k
0eZ/P €T 0eZ/P keN Te€T aer (X Ol)

We refer to Remark 5.3, Remark 5.10, and Remark 5.20 for more details.
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In the un-twisted case where A = 0, we had already defined 0-Mahler discrete residues in [9], where
we proved that they comprise a complete obstruction to what we call here the 0-Mahler summability
problem. That the dres(f, co) of [9, Def. 4.1] agrees with the dresq(f, co) of Definition 5.1 is immediately
clear from their respective formulas. In contrast, the Mahler discrete residues dres(f, z, k) at non-torsion
Mahler trees 7 € 7o in [9, Def. 4.10] were defined recursively, using the Mahler coefficients V3 , (a) only,
whereas here we provide closed formulas using the full set of Mahler coefficients V} , (@) with n > 1 for
dreso(f, 7, k) in Definition 5.8. Similarly, the Mahler discrete residues at torsion Mahler treest € 71 in |9,
Def. 4.16] are defined recursively and in terms of an auxiliary K-linear map (see [9, Def. 4.15]), whereas
here we provide closed formulas in terms of a different auxiliary K-linear map Ié?r) in Definition 5.13
(of which the auxiliary K-linear map introduced in [9, Def. 4.15] is essentially a truncated version). It is
not clear at all (to us) from their respective definitions that the dres(f, , k) of [9] should agree with the
dreso(f, 7, k) defined here. And yet, they do.

Proposition 5.21. The Mahler discrete residues dres(f,t,k) of [9] coincide with the 0-Mahler
discrete residues dreso(f, 7, k) in Definitions 5.8 and 5.13.

Proof. Itis clear from [9, Defs. 4.10 and 4.16] and Definitions 5.8 and 5.13 that the support of both vectors
dres(f, r, k) and dreso(f, 7, k) is contained in the set of « € t such that n(«|f) = ht(f, r) in the non-torsion
case (see Definition 5.6) and such that n(«) = ht(f, r) in the torsion case (see Definition 5.11). In case
7 € 75 such that ht(f, r) = 0, it is immediately clear from the case h = 0 in [9, Def. 4.16] vis-a-vis (5.6) in
Definition 5.13 that dres(f, t, k) = dreso(f, 7, k). So let us assume without loss of generality that either
7 € Toor ht(f,7) > 1.In [9, Eq. (4.16)] we constructed a Mahler reduction

dres(f R
Z Z ;)k

keN aet

such that f, — f is Mahler summable (see [9, §4.4]), whereas here we have constructed an analogous for
in (5.18) with the same property that fo, — f; is 0-Mahler summable. Therefore

dreso(f, 7, k) — dres(f, t, k)
X—a)

(]:O,r _fr) - ()_cr _fr) :fo,r _fr = ZZ

keN a€t

is 0-Mahler summable. For = € 7o Nsupp(f), we always have dresq(f, 7, k), = O (resp., dres(f, t,k), = 0),
except possibly for « € B(f,t) with n(a|f) = h in Definition 5.8 (resp., in [9, Def. 4.10]). Similarly, for
7 € T; Nnsupp(f), we always have dres(f, r, k), = 0 except possibly for « € 7, in [9, Def. 4.16], and notice
that when A = 0 and h > 1 we only use (5.7) in Definition 5.13, so dreso(f, r,k), = O is also possibly
non-zero for « € v, only. Thus if we hadfo,, #ﬁ, then we would have disp(fo,, ,ﬁ‘ 7) = 0. But this would
contradict Theorem 4.2(2), so we conclude that dreso(f, 7, k) = dres(f, ,k) foreveryr e Tandk e N. l

6 Differential Relations Among Solutions of First-Order Mahler
Equations

Let us now consider the differential structures that are relevant for the most immediate applications
of our A-Mahler discrete residues. We denote by 8 := x4 the unique K-linear derivation on K(x) such
that 9(x) = x. We immediately compute that po o d = 8 o o as K-linear endomorphisms of K(x). In order
to remedy this, one can proceed as proposed by Michael Singer (see [16, Introduction]), to work in the
overfield K(x, logx) and introduce the derivation § = xlogx £ = logx-3. We insist that the notation logx
is meant to be suggestive only: here logx is a new transcendental element satisfying o (logx) = p - logx
and d(logx) = 1. Using these properties alone, one can verify that §oo = 008 as K-linear endomorphisms
on all of K(x,logx).

The following computational result is a Mahler analogue of [8, Lem. 3.4], and of an analogous and
more immediate computation in the shift case, which occurs in the proof of [5, Cor. 2.1].
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Lemma 6.1. Let 0 # a € K(x) and A > 1. Then dres, (aH (%a) ,oo) =0and, for every r € 7 and

aET,

dres; (8*‘1 (?) ,r,A) =DM = Dla* ! - dresy (?, T, 1) €Q-a

Proof. Let a = b[],x(x — )@, where 0 # b € K and the m(a) € Z are almost all zero, and let

[ B(a) mo) + Z m(a)X Zm( )+ Z o- m(ot) (6.1)

aecK* aecK acK>

We then see immediately by induction that, for A > 1, 37 *(f) € K, and therefore by Definition 5.1
) . - . . .
dres;, (8‘ 1 ( aa) ,oo) = 0. We also compute, using a similar induction argument as in [8, Lem. 3.4],

thatforr e T and A > 1:

A

[A]
+ (lower-order terms) = Z Z G 6.2)

=Dt = Dl a*m(e)
Z )k ’

A-1 _
0(f)e = ar

QaET k=1 o€t

where the notation CL” (o) is meant to let us directly apply the definitions of A-Mahler discrete residues
of degree 1 of 3*~(f) and more easily compare them with one another. In fact, as we shall see, it will
only be necessary for us to know that ¢; (@) = a - m(@), and more generally that

M) = 1o - Diedme) = (110 = Dot el @). (6.3)

We shall also repeatedly use the results from Lemma 2.13 and Corollary 2.16, that V} (&) = p~"a* =",
For = € supp(f) N To, let h := ht(f, 1), and let « € B(f, r) such that n(«|f) = h (cf. Definition 5.6). Then

h
dres, (91 (f), 7, 1)y = ZP*”VQ @ @) =3 p e et

n=0 n=0

h
=)0 =Dl D ime?) = (-1 Too- Dl Hdress (f, 1, 1), € Q-0

n=0

by Definition 5.8. For t € supp(f) N 7, let us first suppose ht(f, ) = 0 as in Definition 5.11, and compute
for y € C(r), using (5.6) in Definition 5.13 that

dres, (@1 (f), 1, 1), = () = (1)L - DIy m) = (10— DIy*Ndresi(f, 7, 1),
which clearly belongs to Q - y*. On the other hand, if h := ht(f, r) > 1, we compute for y € C(z) using
(5.8):
P A €
dres, @), 7.0, = 5 Dy o) = L 3y - e - Dy me?)
j=1 j=1

A e
=== 1) ”? S meP) = (11— Dy ldresi(f . 1), € Q-yt (6.4)
j=1

Before computing the a-component of dres; (3*7*(f), 7,A) for @ € t such that n(e) = h, we must first
compute a few preliminary objects (cf. Remark 5.14). Consider the vector d* := 70 °(c™) as in Definition
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3.5, and let us compute in particular as in (3.7):

» el A e=1
W= G+1-0y P dle?) = =3 G+1-0y™ - D0~ DIy me?)
j=0 j=0
2 e—1
= D= S+ 1-ome?) = D - Dl ), (69)
j=0

where the last equality results again from (3.7), since m(y?) = y C[ll] (?) for each j. For & .= D, . d*),
the A-components E[f](y) = c[;](y) —dres; (3*1(f), 7, 1),, by (5.8) in Definition 5.13. Thus, putting together

(6.3), (4), and (5), we obtain

~ —DMIo— DIyt S
) +dl o) = T EZ DY S G oy p), (6.6)

e “
j=1

With this, we next compute the residual average w, . (8*~*(f)) of Definition 5.12, for which we compute
separately the two long sums appearing in (5.4). First, the sum over elements of positive height, using
(6.3) and Corollary 2.16, yields

o) @) = ph e Zzpmvgn M@
D -D s t @
=P e 22 =DTe - Do) (67)
p _p )e a€ty, n=0

Second, the sum over the elements of height zero, using (6.6), results in

re—1) .
W @) = > vy @ ey +dl o)
yeC(r)
-t —1)! >
= ()e% >3 G—eomeP) =D - Dol (). (6.8)
yec() j=1

Now putting together (7) and (8) we obtain

w0, (") = 0 @) — @) = (D0~ Do (), (6.9)

where
) © 1 e—¢’ 6.10
o1:(f) = V() — () = T e ; M) = — o > mneq (6.10)

e)=0 yeC(r)
Since the vector w® of Lemma 3.4(2) satisfies w™ (y) = y* = y*~ 1wm(y), we finally compute from
(5.7):

h—1

dres, (), 1, M = D PPV (@) (@)

n=0

h+e—1

*pk(hil)vthl A, h+z 1(E A]( ph+e 1) + d[x]( ph+e 1) +a)M(8A 1(f))UJ(M( ple- ))
n=0 j=1

h-1
=D - D! A[Zm(aﬁ)—Z@—e)m( e >+w1,<f>}

= (=D = Dle? tdresi(f, 1, 1)e € Q- o>, (6.11)

This concludes the proof of the Lemma. |
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Proposition 6.2. Let U be a 09-K(x, logx)-algebra such that U° = K. Suppose y1, ...,y € U* satisfy
o (yi) = ay; for some ay,...,a; € Kx)*. Then yi,...,y: are d-dependent over K(x) if and only if
there exist 0 # (k1,..., k) € Z' and g € K(x) with 3{_; k% = po(g) —

Proof. First, suppose there exist ki, ..., ks € Z and g € K(x) satisfying the conclusion of Proposition 6.2.
Then

t
) i i i
G(Zki;—glogx)—(Zk ; —glogx) logx(Zk—(po(g) g))

i=1 i=1 ! i=1

and therefore 21 1k By‘ —glogx € U’ = K, whence y, ...,y are §-dependent over K(x,logx), which is
equivalent to them bemg d-dependent over K(x), since logx is d-algebraic over K(x).

Now suppose y1,...,Y: are d9-dependent over K(x). Then they are also §-dependent over K(x, logx).
Just as in [18, Cor. 3.3], mutatis mutandis, there exist £; € K[§], not all zero, such that

t .
F=Yg, (‘S(aalﬂ)) —6(G) =G (6.12)
i=1

for some G € K(x,logx). Let » > 1 be minimal such that ord(£;) < A—1forevery 1 <i<t, andlet us write
Li= Zf 23 SJ so that at least one k;,_; # 0. Then we see from (6.12) that F = 3°}_, f, log’ x for certain

f1,....fr e Kx),so we must have G = Z’;‘:O Je logl x forsome gy, ..., g, € K(x) and some irrelevant gy € K.
We then obtain in particular, by comparing (log" x)-terms on both sides of (6.12), that

a4
fi= Zku 18“( ) P o (9:) — 9a. (6.13)

Let us now conclude the proof in the special case where the following supplementary assumptions
hold:

1) foreveryr e U, supp(aacj’) N T+, there exists h, € Zso such that, whenever t € supp("“‘) we have
ht(%*, ) = h (cf. Definition 5.11); and

1) forevery r e |JI_; supp(% 1) NTo, there exist h. € Z» and y, e t such that, whenever r € supp(a“‘)
we have o = y, for eacha e sing(%%, 7) satisfying n(«| %) = ht(%%, ) (cf. Definition 5.6).

These supplementary assumptions permit us to naively identify

t A .
dres, (f, 7,1) = Zki;ﬁﬂires»\ (3A71 (%) T, A) forevery teT. (6.14)
1

i=1

Indeed, for v € 75, the a-components of the A-Mahler discrete residues are set to 0 in all cases
of Definition 5.13 for every « € t whose height is different from h, or 0, and analogously for
T € 7o the a-components of the A-Mahler discrete residues are set to 0 in Definition 5.8 for
every a € P, (y;) whose height is non-maximal. Thus, by our Main Theorem 1.1, (6.13) implies
that >, ki,_;dres; (aA 1 (a“) T A) = 0 for every t € 7. By Lemma 6.1, this is equivalent to

Zi: is_1dresq ( T, 1) 0, which in turn is equivalent to
t
Zk” ,dres, (— T(a), 1) =0 = Zki,x—ﬁi,a =0 (6.15)
i=1 o i=1

for every o € K*, where each &, = « 1dresl(3“’ (@), 1) € Q (again by Lemma 6.1). Thus we may take
our solution 0 # (k1-1, ..., kei—1) to the Q- linear system (6.15) to belong to Q' and, after multiplying by a
common denominator, we may further take the k; := k;,_; € Z. As a consequence of our supplementary
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assumptions we have so far that

dres, (Zk -, T, 1)

for every ¢ e T. By another application of Lemma 6.1, we also see that dres;(X_; k; dq“l ,00) = 0, and
since 3°{_, k; a—“ only has poles of order 1, we conclude by our Main Theorem 1.1 that indeed there exists
g € K(x) such that 21:1 ki”a—“‘l =po(g) — g, as claimed.

It remains to show that our supplementary assumptions I and II above indeed incur no loss of
generality. For r € J_, supp( {)NTs, let h, be the largest among the ht("“’ 7) (see Definition 5.11) such
that = € supp(%), and denote hiz :=h, —ht(%L, 7); for the remaining i, we set h; . := 0. Analogously for
re U, supp(a“l)ﬁ%,leth be the smallest non-negative integer such that | J._, smg(“‘ ) C B, (v2) (see
Definition 5.4) for the (unique) y, € T guaranteed to exist by Lemma 5.5. It follows from the Definition
5.6 that h;, :=h, — ht(aa—‘j‘, ) > O for each i such that r € supp(aa—‘jl); for the remaining i, we set h;, := 0.
Writing a; = b; [[,cx (X — &)™ @, where 0 # b; € K and the m;() € Z are almost all zero, let

mi(@)
- N . a0; h. . aa;
ai = a; - H H( — ) , so that ﬂesmg(a—_l,r) = pr’ esmg(f;)
1

T esupp(f,) ®€T !

for every oo # 1 € supp(f;). We see that these d; satisfy the supplementary hypotheses I and II in the
special case that we have already established. Moreover, the A-Mahler summability of f; is equivalent
to that of

fx —zku 187 1(8(1]).

i=1

as we see from Lemma 2.17 by adding

’ _, (94 o
;ki,x—lax ! (ETI - ) Z Z Zku 1M (OC)AOl )(3)” B (X—a))

i=1 tesupp(f,) ®€T

to both sides of (6.13). |

Theorem 6.3. Let U be a 09-K(x,logx)-algebra such that U° = K. Suppose y1, ...,y € U satisfy
o (y;) = a;y; for some ay, ..., a: € Kx)*. The following are equivalent.

1) y1,...,y: are d-dependent over K(x);
2) there exist 0 # (kq,..., k) € Z' and g € K(x) such that ZI 1 ki 3“‘ =po(g) —
3) there exist 0 # (kq, ..., k) € Z' such that H1:1 y1 € K(x).

Proof. The equivalence of (1) and (2) has already been established in Proposition 6.2. It is obvious that

3) implies (1). It remains to show that (1,2) imply (3). For 0 # (kq, ..., k) € Z' and g € K(x) asin (2), lettin
p Ply g g

y =TI, yF and a := [T, a¥ we see immediately that

d
o(y) =ay and ;a =pa(9) -9, (6.16)

or what is the same, we can reduce without loss of generality to the case t = 1, in which case it is
well-known that (1) implies (3) (see for example [23, Thm. 5.1]). |

7 Examples

In [9, Section 5], we provided two small examples of A-Mahler discrete residues with » = 0. Here we
illustrate the definitions and properties of A-Mahler discrete residues with A = 1 in several examples.
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Example 7.1 gives a 1-Mahler summable f in the non-torsion case r C 7. Example 7.2 gives a 1-Mahler
non-summable f in the torsion case t C 7. In Example 7.3 we verify the vanishing of 1-Mahler discrete
residues for a concrete example of the type described in Remark 4.3, consisting of a 1-Mahler summable
rational function with Mahler dispersion 0.

Example 7.1. Let p = 3, = 1, and t = ©(2). Consider f = f, with sing(f, 1) = {2, V2, £3v2, ¢23/2)
below.

—x0 4+ 4x3 +3x2 —12x+ 8
(x—2)%(x*— 2)2

_1 o2 Cr(cr)
T x-22 6fz ;Sf)z_afz f Zz — )’

k=1 @€t

f=

By Definition 5.6, we have ht(f,r) = 1. It follows from Definition 5.8 that dres,(f,t,k)e = 0

except possibly for k € {1,2} and @ € B1(2) = {{éfﬁ |1 =0,1,2}. Now we compute for such
o = {éﬁ

21 2i
dres:(f, 7, 2o, = V2o(@)Ca(@) + 3V2, (@)ca(@?) = 1- 64\; +3. (3;\%) (-1)=0; and

dresi(f, 7, D)o, = V2 g(a)Ca(a) + 3VZ 1 (ar)co(ef) + Vi g (e)Ca(ey) + 3V (er)ea(ef)
IS —2¢} -zl ¢l
=0-2_4+3. ~+1- +3- .0=0,
o2 s TP\ 3952
for each i = 0, 1,2. By Proposition 5.9, our f should be 1-Mahler summable. And indeed, f =

1
A1 ()

Example 7.2. Letp = 3,2 = 1, and t = t(&). Consider the following f = f, with sing(f,7) =

{C 4“12 4“1}
fo —2xf 42411 ( & 19 N th N ¢y D) iy )_zck(a)
T+ -x2+1) 2\x—& x—¢  X—in x—&p x—¢, x—th) “x—d

By Definition 2.7, C(r) = {¢{'} and e := e(r) = 2. By Definition 5.11, ht(f, t) = 1. We follow the steps
outlined in Remark 5. 14 First observe that c1(¢f!) = ¢f'/2. Now using (3.7) in Definition 3.5,
we find for each y = ¢!

1
O y_ Y —3 3y _ Y
d (y)—gé‘,J—l)y a?)=-7,

and the remaining components d;o)(y) = 0 for every k > 1. Comparing this with the definition
of the vector w» in Lemma 3.4(2), which spans ker(D; ;), we see that d® = —w® /4. Therefore
& =D1,(d”) = 0. By Definition 5.12, the residual average in this case is given in (5.4) by

1 -
w1=w1,,(f)=wz310§/%oa Cl(a )—7 z V1o Y 1'(C1(}’)+d(10)()/)

QET] yeC(r)

; 3
(:12 S+ 856l 8 G+ 65, ) = 5 (c4 (0 - %) +o ( - %)) -7

By Definition 3.5 and Lemma 3.4(2), d = Z{,"?(¢) = d© - 2w® = —w® has coordinates
di(y) = —y fory = {fl and all other dy(y) = 0 for k > 2. Now we observe that ¢i(a) = o’ for
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each a € {¢&!, £2), and compute

dres: (f, 7, Do = 310V g(@)c1 (@) = 30V1 a1 @ @) + di@® ) =’ +a=0.

On the other hand, we compute from (5.8) that dres(f, 7, 1), = c1(y) —¢1(y) = y/2 # 0 for each
y = ¢f1, whence according to Proposition 5.19 our f should not be 1-Mahler summable. Let us
verify this directly. If we had f = A4(g) then g could only have poles in {¢f'}, so g = )“(’;f{ for
some impossible a, b € K such that

—2x* 4+ 2x2 +1 ax*+b  ax+b  —ax® —bx* 4 2ax® + bx? —ax+2b

=f=A =3 — =
X6+ 1 f 19) X641 X241 X6 +1

Example 7.3. Letp = 7, = 1, and © = 7(¢77), where ¢7; denotes a primitive 77-th root of unity.
Then every ;}7 for 1 <i< 76 such that 11 11 belongs to r, and C(z) = {{{1 |j=1,...,10}, where
¢11 = ¢7,. Now consider

P 1O N O~ G@
f=fi=x 60= > _ina,

i
D77(x) R S A
745 114

where ®;7(x) denotes the 77-th cyclotomic polynomial and @’'(x) is its usual derivative with
respect to x. Then we see from the Definition 2.11(1) that disp(f, r) = 0. Since C(f;) = 0, the
vectors ¢, d? = Z{%(c), and & = Dy, (d"”) as in Definition 3.5 are all 0. Hence we already have
dresi(f,t,1), = ci(y) — ¢i(y) = 0 for each y € C(r) by (5.8) in Definition 5.13. The residual
average in Definition 5.12 in this case is given in (5.4) by

3750V e ey (o) = 1.

aET]

1
@ =onlD = G701

Therefore the vector d = Z®(0) = w, the vector spanning the kernel of D; ; in Lemma 3.4(2),
and therefore di(y) = y foreach y = ¢, withi=1,...,10 and every dp(y) = O for k > 2. Thus,
foroa € 14,

_1.71+10-1 - 1+10-1
1-1.7 0!7

(€ (

71+10-1

dresi(f, 7, D = 72VE g (@)c1 (@) — 740VE g )+ di V=a—a7 a7 =0.

Therefore dresq(f,z,1) = 0, and by Proposition 5.19 f should be 1-Mahler summable. And
indeed, letting ®41(x) denote the 11-th cyclotomic polynomial, we can verify that f = A1(g),

where
LT N X0 4 2x8 4 3% 440 4 5%° + x4 73 482 +9x+ 10 < ¢y
I=% 3, B KO0+ x4 X+ X+ x+l Ex—gfy
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