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Abstract

In this paper, we study power series with coefficients equal to a product of a generic sequence
and an explicitly given function of a positive parameter expressible in terms of the Pochhammer
symbols. Four types of such series are treated. We show that logarithmic concavity (convexity)
of the generic sequence leads to logarithmic concavity (convexity) of the sum of the series with
respect to the argument of the explicitly given function. The logarithmic concavity (convexity)
is derived from a stronger property, i.e., positivity (negativity) of the power series coefficients
of the so-called generalized Turdnian. Applications to special functions such as the generalized
hypergeometric function and the Fox-Wright function are also discussed.

1 Introduction

Let N be the set of positive integers and Ny := NU {0}, R, = [0, 00). Define a formal power series
Fpiz) = falp)a" (1)
n=0

with non-negative coefficients f,, (1) which depend continuously on a non-negative parameter u. Our
main focus will be on the logarithmic concavity (convexity) of the function p — f(u; ), i.e., concavity
(convexity) of i1 — log(f(u; x)) for a fixed z in the convergence domain of the series (TJ). To this end,
we define the so-called “generalized Turdnian” for any «, 8 > 0 by the expression

AplaBia) = flu+ o) f(u+ Byx) — Fna) f(u+a+ Bx) = 3 k. (2)
k=0

It is well-known and is easy to see that the condition Ay(w,B;2) > 0(< 0) implies log-concavity
(log-convexity) of u — f(p;x). It is less trivial that for continuous functions the reverse implication
also holds [14]. In this paper we will mostly deal with the stronger property: if the coefficients d; at
all powers of x in are non-negative (non-positive) for all o, 8 > 0 we will say that p — f(u;x) is
coefficient-wise log-concave (log-convex). If this property holds for («,8) € A for some subset A of
Ry x Ry, we say that u — f(u;x) is coefficient-wise log-concave (log-convex) for shifts a, 3 in A.

Moreover, both in our previous work [7, 8, [[2] and in this paper we assume that the coefficients
fn() permit factorization of the form f, (1) = fnér(), where the functions ¢, (1) will be specified
explicitly, while f,, > 0 will remain a generic numerical sequence. In many cases this sequence will be
required to satisfy the following property.
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Definition 1.1. Let {fi}32, be a non-negative nontrivial real sequence. We call { fi.}72, log-concave
(or Pélya frequency two — PFy, or doubly positive) if f7 > fr—1fr+1 for each k € N, and {fx}32, is
supported on an interval of integers (i.e., f = 0 implies either fyi1; =0 for alli € Ng or fy_; =0
fori=0,....N). If f2 < fe—1fet1 for all k € N, the sequence is called log-convex (this inequality
implies that a nontrivial sequence is strictly positive).

In [I2], S. M. Sitnik and the first author proved the following result: the function
(1)
p— fua) = Z%fnﬁx” (3)

is coefficient-wise log-concave if { f, },>0 is log-concave and coeflicient-wise log-convex if { f,, }n>0 is log-
convex. This kind of duality is made possible by log-neutrality of the function f(u;x) for f, =C >0
which is both log-concave and log-convex sequence (and it is the only sequence satisfying both these
properties simultaneously). Indeed, in this case f(u;z) = C(1 —z)*, so that A¢(«, 8;2) = 0 for
all «, 8. The first goal of this paper is to investigate a generalization of this result to the case when
(1)n/n! in is replaced by (p)ns/(nr)! for r = 2,3,.... Setting f, = C > 0 in this case does not
lead to a log-neutral function, so the above kind of duality is not possible here. Hence, instead of one
series like in we will consider two different series depending on whether {f,, },>0 is log-concave or
log-convex. The second modified series was suggested by Ahn Ninh (private communication, 2017)
by replacing (@), /n! in with (t)n,/(nr — 1)! and starting the summation from n = 1. These two
types of series are discussed in Section

Nevertheless, there exist other cases when setting f, = C' > 0 does lead to a log-neutral function.
In particular, writing (1)a2n/(pt + 1) in place of (u), in leads to such series. However, we only
managed to prove coefficient-wise log-concavity (log-convexity) of pu — f(u;x) for restricted shifts in
this case. The corresponding results and conjectures are discussed in Section [4]

In Section [5, we deal with the series of the form with

fn(:u) = fn(u)n/[(2ﬂ)nn']

We demonstrate that it is coefficient-wise log-convex for each nonnegative sequence { fy, }r>0-

In Section [6] we illustrate our results with several applications. We first show that all our claims
can be immediately generalized to the series containing the so-called k-shifted factorials and k-Gamma
functions [4]. Furthermore, new log-convexity/concavity statements are presented for the generalized
hypergeometric functions and their parameter derivatives. Last but not least, we furnish similar
statements for the Fox-Wright function.

2 Preliminaries

In this section, we present several lemmas which will serve as our main tools in the subsequent
investigation.

Lemma 2.1. [8 Lemma 5] Suppose u,v,r,s > 0, u = max(u,v,r,s) and uv > rs. Thenu+v > r+s.

The following lemma is a slight generalization of [8, Lemma 6]. We say that a sequence has no
more than one change of sign if it has the pattern (— —--- — — 00---00++---++), where any of the
three parts may be missing.

Lemma 2.2. [8, Lemma 6] Suppose that { fr.}72 is log-concave (log-convex). If for a certain n € N
the real sequence

AO,Ah s ,A[n/2]

has no more than one change of sign and Zogkg[n/z] A >0 (L0), then

> frfa-rArk =0 (<0).

0<k<n/2

Proof. Tt is literally the same as that of [7, Lemma 2.1]. O



The following is a refinement of [8, Lemma 2].

Lemma 2.3. Suppose a positive function u — f(u) satisfies the Turdn type inequality

Ap(1,1) = [f(p+ D = f(u) f(n+2) > 0(<0)

for all p > 0. Then

Af(a,B) = flu+a)f(u+B) = f(w)f(p+a+B) = 0(<0)
for all a, 5 € N and p > 0.

Proof. For the purposes of this proof it is convenient to write Af(c, ) = A,(a, B) as f will remain
fixed while ¢ may vary. We argue by induction. For @ = § = 1 the inequality A, (o, ) > 0 holds
by hypothesis of the lemma. Suppose it holds true for a, 8 € {1,2,...,n}. Hence, taking o = n,
Be{l,2,...,n} we have

flu+n)flu+B) > f(u)f(p+n+B).

By changing ¢ — p + n and taking o = 1 we also obtain:

flp+n+0)f(p+n+p) = flu+n)f(p+n+1+45).

Multiplying the above two inequalities we get

flu+n+10)f(p+B8)> f(u)f(p+n+1+p5).

Hence, the required inequality holds for a« =n+1 and 8 € {1,2,...,n}. In view of the symmetry we
also covered the case f = n+1and a € {1,2,...,n}. Then, multiplying the inequalities A, (n,n+1) >
0and A, yn(1,n+1) > 0 we obtain A, (n+1,n+1) > 0, so that we proved that A,(a, 3) > 0 for all
a,fe{l,2,....,n+1}. O

Remark 2.4. An analogous lemma can also be formulated for o, B in any lattice not necessarily N2,
but we will not need this fact here.

For the coefficient-wise logarithmic concavity (convexity), however, we only managed to establish
the following weaker claim:

Lemma 2.5. Suppose a power series of the form is coefficient-wise log-concave (log-convex) for
w >0 and the shifts a =1 and  ={1,2,...,n}, i.e., 6 >0 (0 <0) for all k =0,1,..., where

Af(a,Bia) = f(p+ o) f(n+ Bix) — fma) f(u+ a+ Bia) = dpat.
k=0

Then it is coefficient-wise log-concave (log-convex) for shifts a, § € N satisfying o+ 5 <n+ 1.

Proof. Indeed, it is straightforward to check that for any 8 > o and § > 0
Au(a—’_dvﬁ;m):A#(aﬂﬂ—i_é;x)+Au+a(57ﬁ_a;x)7 (4)

where we again used the notation A, («, 8;z) = Af(a, 5;x). Suppose the coefficients of A, (1, 3) are
non-negative for g € {1,...,n}. By takinga =94 =11n and letting § run over {1,...,n — 1}, we
conclude that the power series coefficients of A, (2, ) are non-negative for § in this range. Taking
a=2,6=1in and letting 8 run over {2,...,n—2}, we conclude that the power series of A, (3, )
are non-negative for § in this range. Continuing in the same fashion, we cover the triangular set
a+ f <n+1with 8 > a. The proof is completed by exchanging the roles of @ and § in the above
arguments. O

It remains open whether the conclusion in the above lemma can be extended to all natural shifts
a, f € N in analogy with Lemma Lemma also leads to a strengthening of [§, Lemma 3] and
various results based on it. The result reads as follows.



Corollary 2.6. Suppose a power series of the form is coefficient-wise log-concave (log-conver)
for p > 0 and the shifts « = 1 and > 1. Then it is coefficient-wise log-concave (log-convez) for
w>0 and all o, B > 1 such that at least one of them is an integer.

Proof. We proceed by induction. The claim holds for « = 1, § > 1 by assumption. Suppose it holds
fora=1,2,...,k, 8 >1, then takinga =1, =k+ 1 and any 6 > 0 in we have

Ay1+6k+La)=Ak+1,1+62)=A,1k+1+82)+ A 41(k,0;2)
which establishes the claim for a = k 4+ 1, 8 > 1. The symmetry
Au(aaﬁ) = Au(ﬁ7a)

completes the proof. O

3 Multiple Pochhammer series

Define a generalization of as follows:

gy =S g o9 (5)
=7 (nr)!
Note that
log((1)nr)]” = ' (+1n) — 9’ (1) <0, (6)

and equality is only attained for n = 0 in view of the inequalities

00 t —tx e s} t2 —tx
w’(:v):/o C __dt>o, w”(:c):—/o £ __dt<o.

1—et 1—et

Hence, we are dealing the the infinite sum of log-concave functions which may be log-concave, log-
convex or neither. Setting g, = C > 0 here does not lead to a log-neutral function of p (as will
be explicitly seen below), so that there is no hope to get a duality between log-concave/log-convex
sequences {g,} and log-concave/log-convex functions as outlined in the Introduction. Ahn Ninh
(private communication, 2017) suggested to modify as follows

p— flusx) = ;fnmx” (7)

and conjectured that this function is log-concave if {f,}n>0 is log-concave. In this section we will
prove this conjecture for » = 2 and disprove numerically for r = 4 (strongly suggesting that is it also
wrong for r > 4). The case r = 3 remains open and is formulated in the form of Conjecture We
will further proof that u — g(u;x) defined in is coefficient-wise log-convex for r = 2 and is neither
log-convex nor log-concave for r = 3 (strongly suggesting that it remains so for r > 3). We will need
the following

Lemma 3.1. Let k,m € Ny with k <m/2, p >0 and o, 3 > 0. Set
T = (1 + Q) (p+ B)m—r + (0 + Q)m—r(pt + Bk
= (Wr(p+a+B)mr = (Wm-rp+atPr (8)
If Ty <0 for some 1 <k <m/2, then Ty_1 5 < 0.
Proof. See [12] proof of Theorem 1]. O
Theorem 3.2. Let

(W = (1/2)n((p+ 1)/
g(u;m)=nz:%gn (gn)!x :nz:%gn K (1/g)nn! ", (9)

where {gn}52, is a log-convexr sequence independent of . Then the formal power series g(u;x) is
coefficient-wise log-convex for p > 0.



Proof. For each «, 8 > 0 we have
g(n+as2)g(n+ B;x) — gl w)g(p+ a + Biz) =Y dpma™,
m=1

where ¢, = 37" GrGm—k My and
1
2k (2(m —k
Using Gauss pairing, we may write ¢,, in the following form:
[m/2]
O = Z Ik Gm—kAk,
k=0

My, =

il [+ @)k (i + B)aim—i) — (W2r(pt+ @+ B)am—i)] -

where Ay = My, + M,y for k <m/2, and Ay = My, for k =m/2. Set
Ay = (2K)1(2(m — k))'Ay, (10)
which has the same sign as Ax. Then

(1 + a)ar (i + B)om—i) + (1t + @)o(m—1) (1t + )2

A= = (Warlp + a+ B)apm—r) — (Wamm-ry (n+a+ Bar  if  k<m/2,
(14 @)k (it Bak — (W)ae(ja + @ + Ba it k= m)2

First, we show that ZE;Z{)Q] A, <0 for m > 1. To this end, we set

L =W, 1 1 1
)= e =g Gt A ()

where the second equality is immediate by expanding each of the two summands by the binomial
theorem. Then

Eula, Bsx) == p(p+ a; )Y (p+ Bsz) — Y(ps x)(p+ o + B x)

o0 [m/2]

Using (1)), we find that

ulon Bim) = 3 (1 —2) ™ [(1 = Va) ™ = (L V)] [ V) =~ (Ve ] (12)
Since

(VA= 0
-3 () war =3 () -var

n=0
o0 —« .
=2z ) <2n + 1) v
n=0

has only negative coefficients, it follows from that ¥ (u; ) is coeflicient-wise log-convex, and thus
S Ay, < 0 for m > 1.

Next, we prove that for m > 2 the sequence Ay, ... ,A[m /2] has no more than one change of sign.
Assume that A, < 0 for some k < m/2. Then Ay = Tok,2m, which is given in . Thus, it follows
from Lemma [3.1] that .

Ap—1 =Top—22m < 0.

Hence, since ZE:Z/OQ] A <0, and the sequence Ay, ..., Afy, /2] has no more than one change of sign,
we conclude by Lemma that g(p; x) is coefficient-wise log-convex. O



Remark 3.3. Note that the function ¥ (u;x) defined in is a special case of the so-called hyper-
geometric superhyperbolic cosine [10, page 74, Definition 2.10]. Its second logarithmic derivative is
easily seen to be positive:

0? 41— z)*(arctanh/x)?
g B V) = T e v

which proves its log-convezity. On the other hand, the function p — (), in @ is log-concave
for every n € Ny according to @ This shows that the condition that {g,} is log-convex cannot be
dropped, since taking g, = 1 with g; = 0 for j # k yields a log-concave function. Moreover, the
sequence Ag, A1, ..., Ay 2) has exactly one change of sign, which shows that restricting all g, to be
strictly positive (which rules out the previous example) is also insufficient, emphasizing the importance
of the condition that {gy} is log-convex. A proof of exactly one change of sign is given in the Appendiz.

Remark 3.4. Theorem is a natural generalization of [I2, Theorem 1]. Rewriting the proofs of [12,
Theorem 2 and 3] mutatis mutandis, we can similarly show that for each integer r > 1 the formal
power series

"w— Z ful(p 4 rn)a™

n=0
> §
- ; ()

are coefficient-wise log-convex for arbitrary non-negative sequence { f}°2 independent of v (here T'(+)
stands for Euler’s gamma function).

Remark 3.5. Numerical experiments suggest that yu — Zn 0 (n)r’S’, ™ is neither coefficient-wise log-
convex nor coefficient-wise log-concave for r > 3. For instance, consider

oo ( ) 1 2
1/)(/1»55):2 ! gz 1—wkz1/‘3

n=0 0

/—\

where wy, = €273 are the primitive roots of unity and the second equality follows from the binomial

theorem combined with the elementary identity

— n r, if r divides n
S {r i di

otherwise

for wyp = €2k7/T gk =0,...,r — 1, being primitive r-th roots of unity. Note first, that the function
w— Y(p,x) is convex for x > 0 as a sum of convex functions. Next, by direct calculation we have

Eula, Byo) = P+ as2)(p + By w) — (s )P (p + o+ B x)
= —g0B0+ 6+ 2+ 2)a + el . B)a? + O(?),
where
ce(p, o, B) = —ﬂoaﬁ (2a + 5028 4+ 1003 p 4 250 + 30023 4 60a’ 1 4 10002

+5a3% + 30032 4 30afu + 11008 + 30au® + 2200 + 185
+2B8* + 1083 + 2583 + 606% 1 + 1006 4 30Bu> + 22031 + 1853
+2043 4 2201 + 3704 + 156 — 30a8u? — 201 (o + B) — 10p*) .
It is straightforward to verify that

¢(5.76788,1,1) = —0.0998924,
¢(6.13463,1,1) = 9.99983.

Thus, we see that Y (u, x) is neither coefficient-wise log-convex nor coefficient-wise log-concave.



Theorem 3.6. Let

= o > 2+ D)n(p/2+3/2)n
[l Z 2n—1 :x(/")22fn+1('u/ (;/(2;;:“! /2 z",

n=1 n=0

where { £ 152 is log-concave and independent of . Then the formal power series f(u; x) is coefficient-
wise log-concave.
Proof. For each o, 8 > 0 we get

oo

Flp+asa) f(p+Biz) — f(ma) f(p+a+ Biz) =D dna™,
m=2
where ¢, = YL, fifn—rMj and

- 1
M= G DT =k =

ol [+ @)k (i + B)aim—r) — (1)2k(tt + @+ B)am—1)] -

Moreover, we can write ¢, in the following form:

o Im/2)
Gm =Y frfm—iBr,

k=1
where By, = My, + M,,_;, for k < m/2, and By = Mj, for k = m/2. The modified numbers
By, = (2k — 1)1 (2(m — k) — 1)!By,,

have the same sign as By and are obviously equal to Ay defined in , By = Ay Therefore, by the
proof of Theorem @ we see that the sequence By, Ba, ..., By /2 has no more than one change of
sign and By, o) > 0.

Next, we prove that Z[m/2 By, > 0 for m > 2. Set

P(piz) = n_ "

)= T T W e

Using the binomial theorem it is easy to see that

e

V(s w) = == 0 2)-
Thus, we have
~ ~ R R 0o [m/2]
D+ ase)(p+ B ) — P 2)d(p+a+ Biz) =Y Z By | a™
m=2 k=0
= (nt)(pt Bz a)i,u + B)xn(u +asz)n(p+ By x) — pptatfle Z ks ﬂ)xﬁ(ﬂ; r)n(p+a+Bx). (13)

Since (1 + a)(p+ B) > p(p + o+ B), we see that the coefficients of are larger than those of

plp+a+ Bz

1 (e + a;z)n(p+ B;x) — n(ps x)n(p + o+ B x)] .

Therefore, it suffices to prove the coefficient-wise log-concavity of 7n(u;x). Indeed, we have

n(p+ s z)n(p + B o) — (s x)n(p + o + B x)
=(1—a) [0+ V) = (1 =ve) ] [+ Ve) P = (1 -Va) ] (14)



Since the coefficients of [(1 + /z)~* — (1 — /)] are negative as explained in the proof of Theo-
rem it follows from that 1(u; ) is coefficient-wise log-concave, and therefore Y12 B, > 0
for m > 2 by (|13 .

In summary, since Zk m/2 ]Bk > 0, the sequence By, Ba, ..., Bj;, /2] has no more than one change
of sign and By, /9] > 0, it follows from Lemma that f(u;x) is coeflicient-wise log-concave. O

Remark 3.7. Similarly to Remark[3.5, we find that the function

r—1

. Z o= Hr Z Wk
— (nr — 1 r k=0 (1 — wgat/myptt’
wi = e2TR/T s neither coefficient-wise log-convex nor coefficient-wise log-concave for r > 4 by nu-

merical computation. However, the numerical evidence confirms the following conjecture.

Conjecture 3.8. Assume that {fn}22 is log-concave and independent of u. Then the function

p— fu; ) an

18 coefficient-wise log-concave.

4 Double over single Pochhammer series

We consider the series

Ny Wy (/2 1)/2)k
h(p; x) = kz:;)hk it 1)kk!xk = kZ:Ohk TN (4x)*. (15)

Along with the series , it gives another example of the log-neutral function when hy = 1 for all k.

Indeed if we set -

(1) 2k k
Ap;x) = —x dz| < 1),
o) = et (el <
then A\(u;x) is a hypergeometric function with the following properties.

Lemma 4.1. [15, Lemma 7] The hypergeometric function (u;x) has the following properties.

1. Closed form
1—v1T—4z\"
o= ()
Moz )A(By2) = Mo + B; ).

This makes the following conjecture very natural.

2. Index law

Conjecture 4.2. Assume that {hi}32, is log-concave (log-convex) and independent of p. Then the
function p — h(p; x) defined in is coefficient-wise log-concave (log-convex).

Forming the generalized Turanian

Ap(a, B5x) = h(p+ s 2)h(p + B ) — h(p; 2)h(p + o + B; )

=3
m=2
we will have

m

= il Mg,

Mo = 1 [ (+ a)or(pp+ Bogm—r)  (Wak(p+a+ Blagm—k
PR =) [t o+ k(e B+ Dk (p+ D+ o+ B+ Dmi




Furthermore, we can write

[m/2]
= Z hiphpm_rAr  for each m > 2,
k=0

where Ay = My, + My, for E < m/2 and Ay = My, for k =m/2. As

1 DoR FEES of O oA I

m=0 m=0

= AMp+ o)A (p+ B5z) — AMp; 2)AM(p + a + B;z),

Lemma implies that E[m/ 2] Ay =0 for m > 0. Hence, to apply Lemma [2.2{ we only need to prove
that the sequence {Ak} 50 /2l has no more than one change of sign. So far, we failed to prove this fact
in general. Nevertheless, we established the following.

Theorem 4.3. Let h(p;xz) be the formal power series defined by (L5)). If {hx}52, is log-concave
(log-convez) and independent of w, then p — h(u;x) is log-concave (log-convex) for integer shifts,
ie. Ap(e,B52) >0 (Ap(a, B52) <0) for , 8 € N and coefficient-wise log-concave (log-convez) if
furthermore o+ 8 < 4.

Proof. Set « = =1 and consider the following generalized Turdnian

Ap(L, 1) = h(p+ 1;2)* = h(p; 2)h(p + 2; )

Mg

m=2

where
Om = hichm My,

My, =

1 {(H + Dokt 4 Dom—r)  (1)2x (1t + 2)2(m—)
ki m =k [ (p+2k(p+2mr (0 + D+ 3)m—s

Gauss pairing yields:

[m/2]
Om =Y hihm Ay for each m>2,
k=0
where Ay = My + My, for k < m/2 and Ay = My, for k = m/2. For each k > 0, we set
Ay = k!(m — k)! A, which has the same sign as Ax. Then

(A Dok + Dogmory  (12k(pt +2)aim—p)
(H+2k(p+2)m-r (p+ Dr(p+3)m—r

Tk

Uk
- e +2
_ ) (M)z( k) (M )2k £ k< m/2,

(+ 1)k (p+3)k’

Sk

(h+1)3 (k1 +2)a if  k=m/2.

(n+2);  (p+Dr(p+3)k

Next, we show that the sequence {Ak} / %l has no more than one change of sign, i.e.,

A, <0 = Ay, <0 for k>1. (16)



Since for m > 2

i oWt Dom  (ht2)om  (Wom
0 (:U + 2)m (.U + 3)m (,U + 1)7n

_ 2o [, (p+D(p+2m)  (p+2m)pt+2m+l)  p
(u+3)mo2 | +2)(u+m+1) (u+m+1)(p+m+2) p+2
(Bt 2)om—2 (m — 1)m(u +4)

we see that the claim holds for k = 1. If k > 2, then we have

Ay = 2uy, — 1), — 5p
_ (At 2)ok2(p + 2)a(m—r) -2

(1 + 32 (i + 3) (m—t)—2 (291 — 92 — 93),
where
g = (p+ 12+ 2k) (p 4+ 2(m — k))
' (,U'+2)2(M+k‘—|—l)(,u (m k)_|_1)
go = plp+2(m —k))(p+2(m — k) +1)
P ()t (m = R) F Dt (m— k) +2)’
g5 = pp + 2k) (n+ 2k + 1)

p+2)(p+k+1)(n+k+2)
Set g=k —2and t =m — 2k. Then ¢ > 0 and ¢ > 0. A direct calculation implies that

ni

(k+22(p+q+3)(u+ta+d)(p+q+t+3)(pt+g+t+4)

201 —92— g3 =
where
ny = 4p* + 52p% + 25617 + 5761 + 8¢* + 4p?q® + 32uq® + 1663t + 96¢° + 6% ¢
+6612¢% + 264uq> + 8¢%t% + 6% ¢t + 48uq>t + 144¢%t + 416¢° + 2utq + 3813¢

+ 24412 q + 688uq + 2u%qt® + 16uqt® + 48qt? + 6p>qt 4+ 66> qt + 264uqt + 416t + 768
— M — TSt — 10032+ 24t + 6417 + ptt + 193t + 12203 + 344t + 384t + 512 (17)

Thus, we see that flk < 0 is equivalent to ny < 0 with ¢ > 0,¢ > 0, and p > 0. Set

up—1  (k+p+1)2k—p—2m—-2)2k —p—2m—1)

I = - |
1 Uk (2k+/ﬁ—1)(2k‘—|—/_¢)(_k+’u+m+2)
I, = Th—1 (k+p)(2k—pn—2m—3)(2k —p—2m —2)
2T k4 p—-2Ck+p—D(—k+pt+tm+3)’
I — Sk—1 (k+,u+2)(2k—,u—2m—1)(2]4;_'u_2m)
37T s, 2k + )2k +p+ 1) (=k+p+m+1)
Then
Akq = 2Up_1 — Tp—1 — Sk_1
= 2Ly, — Iry — Izsy
(1 +2)2b—2(1 + 2)2(m—1)—2
- 21 T I ’
(14 3)k—2(1t + 3) (m—1)—2 (21191 — 1292 — I5g3)
where

(e +2q+ 2t +4)(pn +2q + 2t + 5)ns
(H+2)2(p+q+3)(n+2¢+2)(n+2¢ +3)

2l g1 — Iago — 1393 =

1
(urgtt+3)(urgrt+A)(utqrtts)

10



with

ng = 18% + 1502 + 4081 + 8¢* + 412> + 32uq® + 1643t + 96¢° + 613> + 66 ¢>
+ 264uq° + 8¢°t% 4 612t + 48uq>t + 128¢%t + 400¢> + 2utq + 383 q + 2401%q + 656
+ 202 qt? + 16puqt® + 32qt% + 613 gt + 621%qt + 232uqt + 304qt + 672q — ptt? — Tt
— 1202t 4 8put? + 2412 — 3utt — 15p3t + 14t 4+ 160t + 192t + 360.  (18)

Therefore, we have that zzlk,l < 0 is equivalent to ny < 0 with ¢ > 0,t > 0, and x > 0. By
and , we find that

ng =ny — 4pt — 343 — 106> — 1681 — 16¢%t — 16¢° — 4p>q — 32uq — 16qt> — 44°qt
— 32uqt — 112qt — 96q — 2u*t? — 16ut? — 40t% — dp*t — 34p>t — 108u%t — 184ut — 192t
—152. (19)

From the above identity, we see that ny < 0 implies ny < 0, and thus the claim holds for k£ > 2.

By Lemma we see that 30™/%) Ay = 0. Combined with the fact that the sequence { A}/
has no more than one change of sign, we conclude that A, 5 > 0. Then, it follows from Lemma
that the claim of the theorem holds for « = 5 = 1. According to Lemma [2.3] we establish logarithmic
concavity (convexity for log-convex {hy}) for all shifts «, 5 € N.

Similar approach can be applied to verify that the sequence {Ak}gzgz] has no more than one change
of sign for (o, 8) = (1,2),(1,3). The problem still amounts to proving that n; < 0 implies ny < 0
with ¢ > 0,¢t > 0, and p > 0, where n; and ns are certain polynomials in ¢,¢, and u. However, in
those two cases, there are no simple identities similar to . Instead, we utilize Cylindrical Algebraic
Decomposition [3, [13] as implemented in Mathematica to prove the desired inequalities. Detailed cal-
culations can be found in the supplemental material [9]. Finally, coefficient-wise logarithmic concavity
(convexity for log-convex {hy}) for shifts o + 5 < 4 follows from Lemma O

5 Pochhammer over twice Pochhammer series

In this section we will show that the formal power series

y(p; ) = kz:% Yk (2(5)):1@! " (20)

is coefficient-wise log-convex for any non-negative sequence {yx}72, independent of f.

Theorem 5.1. Suppose y is defined in with any non-negative sequence {y}7>, independent of
. Then for any a, B > 0 the generalized Turdnian

Ayle, Biz) = y(p + as2)y(p + Bi2) — y(ws2)y(p + o + Biz)
o0
=D 9ma”
m=2
has negative power series coefficients ¢, < 0, so that the function u v~ y(u;x) is coefficient-wise
log-convez for p > 0.

Proof. By direct computation, we have

Gm = YYm—k M,

k=0
where
v 1 { (ut upt Bt (WrlptatBmr |
' El(m — k) [ (2(p+ a)e (201 + B))m—k 20k (2(p + @+ B))m—k

11



Pairing the terms with indices k& and m — k, we may write @,, in the form

[m/2]

Z YrYm—k Ak, (21)

where Ay = M, + M,,_}, for k < m/2 and Ay = M}, for k = m/2. We set Ay = k!(m — k)!Aj. Then

(1 + )i+ B)m—k (1 + ) m—i(p+ Bk
20+ a))e(p+ B)m-r 201+ ))m—r(2(1 + B))k

Aol ot Bk aesitat B oy

C)rp+a+B)mri  2w)m-r2(p+ o+ P))k

(14 )i+ B (Wil +a+ Bl T
Cu+ o)+ B8k kR + o+ B)k '

By , it suffices to prove that:
(i) Ag <0 for k = m/2, where the equality holds iff k = 0,1;
(i) A <0 for 0 <k < m/2.

We first prove (i). If k = 0,1, then it is straightforward to verify that Ay = 0. If k > 2, then A; <0
is equivalent to

(p 4 a)n (i + B < 2+ a)e(2(n + B))k (22)
(Wep+a+Be  Cwre2p+a+B))k

which is true because
C(p+0) + D)@t B +1)  (u+a+i)u+B+i)
Cut)@utatB)+i)  (utDp+ta+Bti
_ iaB(3i 4+ 4p + 2+ 40)
S+ )Rut+ i)t a+ B+ +a+B) +i)
Next, we prove (ii). In this case, we have uy < si is equivalent to
(Wm-r(p+a+Be — 2uwm—rk2(p+a+B))k
In light of and (p+ B)m—k = (u+ B+ B + k)m—2k for 2k < m, it suffices to show that

(Lt B+k)m_zr _ 2+ B)+E)m—2k
(lu’ + k)m72k (2/,L + k)m72k

>0 for ¢>0.

which holds because

2 ‘ ' '
wt+B)+i p+B+i 18 >0 for i>0.

2u+i I (p+14)(2u + 1)

Similarly, we can show that the inequalities vy < sk, 7 < sk and ugvg < rEsx hold for 0 < k < m/2.
Thus, it follows from Lemma [2.1] that

Ak:uk+vk—rk—sk<0.

Numerical experiments with the ”reciprocal” series

Zy’f kk'

and the related gamma series
D(p+ k) 2
E yk:
I'(2u+ k)k

provide strong evidence for the following conjecture.

12



Conjecture 5.2. Suppose that {yi}7, is a log-concave sequence. Then the functions p — §(u; )
and p — §(u;x) are coefficient-wise log-concave on p > 0.

So far, we have been unable to prove this claims.

6 Applications

In this section we give several examples of concrete special functions whose logarithmic concav-
ity /convexity in parameters can be established using the results of Sections and

6.1 Generalized hypergeometric function

The generalized hypergeometric function is defined by the series

ai,az,...,ap
PFQ<

bi.ba,. ... by ) D (23)

(01)n(b2)n - - - (bg)nn!

n=0

The series converges in the entire complex plane if p < ¢ and in the unit disk if p = ¢+ 1. In
the latter case its sum can be extended analytically to the whole complex plane cut along the ray
[1,00) [I, Chapter 2]. Applications of the previous results to generalized hypergeometric functions are
mainly based on the following lemma.

Lemma 6.1. Denote by ex(z1,...,xq) the k-th elementary symmetric polynomial,

eo(r1,...,2q) =1, ex(z,...,24) = Z TjTj, Ty, k>1
1<j1<g2-<jr<q
Suppose that ¢ > 1 and 0 < r < q are integers, a; >0,i=1,...,g—7r, b; >0,i=1,...,q, and

eq(bh...,bq) < eqfl(bl,..wbq)

< ...
eq—r(Q1, ... aq—r) ~ €g—r—1(a1,...,aq—y) ~

< 6T+1(b1, . .,bq)

<ep(b,... by). (24
S ean - ag) = erne b (24

Then the sequence of hypergeometric terms (if r = q the numerator is 1),

_ (a1)n - (ag—r)n
RN

is log-concave i.e., 0 < fr_1fnt1 < f2, n=1,2,.... The inequality is strict (i.e.{fn}n>0 is strictly
log-concave) unless r =0 and a; = b; fori=1,...,q.

n=0,1,...,

The proof of this lemma for = 0 can be found in [5, Theorem 4.4] and [12, Lemma 2]. The latter
reference also explains how to extend the proof to general r (see the last section of [12]). A simpler
sufficient condition for and thus for log-concavity of {fy,},>0 is given in the following lemma [6]
Lemma 4].

Lemma 6.2. Suppose that
k

k
Zj:1b"j Szj:1aj fork=12....q—r (25)

for some (q — r)-dimensional sub-vector (b,,... by, ) of (b1,...,by). Then inequalities hold
true.

In view of the obvious fact that reciprocals of the elements of a log-concave sequence form a log-
convex sequence, application of Theorems [3.2] and [3.6] immediately leads to the following statement.

13



Theorem 6.3. Let 0 < p < g be integers and suppose that positive parameters (a1, ..., ap), (b1,...,by)
satisfy or with r =p — q. Then for r =0 the function

= groFur1(p/2,0/2+1/2,b1,...,b4;1/2,a1, ... ,a4;2)
is coefficient-wise log-convez for u > 0, and for r > 0 the function
pw—= (e proFerr(p/24+ 1, 1/24+3/2,a1,...,6p;3/2,b1,...,b4;2)
is coefficient-wise log-concave for > 0.
Theorem [4.3] yields the following statement with Ay defined in .

Theorem 6.4. Let 0 < p < g be integers and suppose that positive parameters (a1, ..., ap), (b1,...,by)
satisfy or with r = p — q. Then the function

f(/j,,l‘) :p+2Fq+1(M/27M/2+1/27a17"'7ap;u+17b13"'7bq;‘r)

satisfies the Turdn inequality As(a, f;x) > 0 for all o, B € N, and the coefficients at all powers of x
in Ag(w, B;2) are nonnegative if a4+ B < 4 . The function

f(/’[’7x) :q+2Fq+1(u/2,u/2+1/2,b1,...,bq;,u+1,a1,...,aq;x)

satisfies the reverse Turdn inequality Af(oz, B;x) >0 for all o, B € N, and the coefficients at all powers
of z in Af(a,ﬁ;x) are non-positive if a + 5 < 4 .

Finally, Theorem implies that the function
w—= p+1Fq+1(/,L,CL1, IR aa/p;Quabh <. 7bq;x)

is coeflicient-wise log-convex for x> 0 and all positive parameters a;, b;.

6.2 Parameter derivatives of hypergeometric functions

For arbitrary positive numbers a, b, ¢, define the sequence {hy,, }n>0 by

(Y(c+n) —¢(c))(a)n
(0)n ’

where ¢(z) =T"(z)/I'(2). If a > b, then the sequence {h, }n>0 is log-concave since

h’l’L(a7 b’ C) =

hi - hnflthrl =

(W(c+n) —(c)?
a+n
b+n

The last inequality holds because y — ¥(c 4+ y) — 1(c) is concave according to the Gauss formula [T}
Theorem 1.6.1]

(@)n-1(a)n {a +n-1
O)n—1(b)p, Lb+n—1

(le+n—1) = @(e) (e +n+1) = ()} >0.

" " t2e~tety)
(W(c+y) —v(e), =¢"(c+y) = —/ﬁdt <0
0
and hence is log-concave and since (a+n—1)/(b+n—1) > (a+n)/(b+n) for a > b. In view of the
relations 5 (a) 3 (a)
a)n O (@n
% (b)n - hn(aa b7 a)7 ab (b)n hn(a’7 b7 b)7

these observations combined with Theorem lead to the following statement.
Theorem 6.5. Suppose a > b > 0. Then the functions

v 2o (a,u/2+ 1,u/2+3/2.m>

da b,3/2 ’
9 a, pf/2+1,1/2+3/2,
:u’_>_ab3F2< b,3/2 3L

are coefficient-wise log-concave on (0,00).
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In a similar fashion, Theorem yields

Theorem 6.6. Suppose a > b > 0. Then the functions

Fu(p: o) QF (a,u/2,ﬂ/2+1/2;x>

~ 0% b, i+ 1
) a, )2, 1/2 +1/2
Fy(p; o) = —%3F2 ( M/b Z/+ 1 / ;CU>

satisfy the Turdn type inequality
Fi(p+ oz 2)Fi(p+ Bix) — Fi(ps o) Fy(p+ o+ Bi2) 20, i = 1,2,

for each p,x > 0 and o, B € N. Moreover, the coefficients at all powers of x in the above expression
are nonnegative if, furthermore, a + 8 < 4.

Theorem [5.1] leads to

Theorem 6.7. Suppose a,b,c > 0. Then the functions

0 a,b, . 0 a,b,u
M%aagFZ(C,?u’x)’ o= — 8b3F2(02/A

are coefficient-wise log-convex on (0,00).

6.3 k-Pochhammer and i-Gamma series
In [4], the authors introduced for any k& > 0 and n =0, 1,..., the k-Pochhammer symbol
(@) =z(x+k)(x+2k)--- (x+ (n—1)k) (26)

and the k-Gamma function

k" (nk)x/k—1 0 .
Ti(z) = lim %:/ et/ ki 1gy,
0

n—oo ((1‘,‘)”7k
It is straightforward to verify that

Iy (z + nk)

Du(@) = K0/ k), (@) = K" (o/K)n = =1

For each integer » > 1, and k, u > 0, we set

n=0 (2 )'
. o 2” k 2" = . (H/k)zn n
Filpsx) o= Z fn T = ; In g = K)"
yk(p; ) i= Z ynTk(p + krn)a™ = k570 "y T(u/k + ro) K7/ F )",
n=0 n=0
>~ h >~ h x "
hi(p; x) == "= n —
) = 3 e = 3 o L)
. N . ( H)2n,k /J'/k 2n n
() = nz%q m Z% 1k + 1)l (kx)"™,

(1/k)n
Zw 2,u n, kn' an (2u/k) nn'
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The right hand sides of the above identities imply that we can extend immediately the results of
this paper to the k-Pochhammer and k-Gamma series above. Namely, if {g,}5, is log-convex and
{Un 50y {hn}5eo and {wy 5, are positive, then gi(p;x), ye(p;x), he(p;x) and wy(p;z) are all
coefficient-wise log-convex. If {f,} and {¢,} are log-concave, then fi(u;z) is coefficient-wise log-
concave while g (p; x) is discrete log-concave and coeflicient-wise log-concave for integer shifts whose
sum does not exceed 4. Natural applications of the above series are the so-called k-hypergeometric
series similar to the classical hypergeometric series with Pochhammer’s symbols substituted with k-
Pochhammer’s symbols. These series can be easily expressed in terms of the classical hypergeometric

series as follows: / /
ay,...,0p _ ar/k,...;ap/k |, p—q
qu’k<b1,...,b x>_qu<b1/k...bq/k ‘k v

This formula implies that the results of subsection [6.1] also hold for the k-hypergeometric functions.

6.4 The Fox-Wright function

Given positive vectors A = (Ay,...,4,), B = (By,...,B,) and complex vectors a = (a,...,ap),
b = (b1,...,b,), the Fox-Wright function (or ”the generalized Wright function”) is defined by the
series [I1], (1)]

(a1, A1), ..., (ap, Ap) (a, A (An+a)z

v =,U 2
(G s [ = (55 Zan+b e
where the shorthand notation I'(An + a) = 1 T(Ajn + a;) (similarly for I'(Bn + b)) has been

used. The series (27)) has a positive radius of convergence if

A= Zj‘:l B; = Zj:l Aiz -

More precisely, if A > —1 the series converges for all finite values of z to an entire function, while for
A = —1, its radius of convergence equals p defined in below, see details in [I1} (3)]. The above
definition implies that for any 6 > 0

I'(An +a) (u)z)n (sv)” _ VT ( (1,2), (a, A)

FBn1b) 2t \o) ~ TGyt (1/2,1), (b, B)

M8

e Y

and the condition > B; > 3 A; guarantees that the radius of convergence is positive. To apply

Theorem [3.2] we need conditions ensuring that the sequence
I'(An+ a)

0"T'(Bn + b)

g x) =

n=0

Vin) = (29)
is log-convex. As log-convexity is implied by complete monotonicity of the function V() on (0, c0) we
can apply conditions for complete monotonicity established in [2, [10]. According to [10, Theorem 4]
and [2| Theorem 3.2] the function V (¢) is logarithmically completely monotonic (and hence completely
monotonic) if and only if

jJ p q
YoBi=> A, p=[[A"]]B ™ <0 (30)
j=1

j=1 i=1 i=1
and
p efaiu/Ai q 7biu/Bi
P(“):;1—e—u/&_21— —7p >0 forallu>0. (31)

Condition may be hard to verify. Sufficient conditions in terms of parameters A, B, a,b can be
found in [I0, Theorem 5] and [2] Theorems 3.4, 3.7, 3.10 and corollaries]. For example, [2], Corollary 3.9]
implies that {V(n)},>0 is log-convex if holds true and

q

B &
E By > j—Jlg ap for j=1,...,q. (32)
k=1 k=1
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On the other hand, choosing hj; = w; in [2, Theorem 3.7] we conclude that {V(n)},>¢ is log-convex
if together with we have

q P
A; ZwiZBj, i=1,...,p and b;/B; Zzwiai/Ai J=1...4q (33)
i i=1

for some weights w; > 0, >°¥_, w; = 1. Another condition is provided by [2, Theorem 3.10]. Suppose
for some positive integers o, 35, j =1,...,p, we have

Ay =1/ajfork=a;_1+ 1,051 +2,...,05, j=1,...,pand ag =0,
and, in a similar fashion,
Bmzl/ﬁj fOI‘m:ﬁj_l—Fl,ﬁj_l—i-Q,...,Bj, j:l,...,pand BO:O

Then for a > 1 and 0 = [[]_,(8;/a;) we obtain that

) H Ty t0) o, T T+
oy L% (/B + a) [M_,T(Bun+a)
where P = Zf:l aj, Q = Z§:1 B;, is log-convex if

O<ay<ap<---<ap, 0<f<B<---<B,
k k
ZQjSZﬁj, k=1,2,...,p.
j=1 j=1

We will summarize these facts in the following proposition

Proposition 6.8. Suppose any of the following set of conditions holds: |. —|— —|—
or with integer o, B;. Then the sequence {V(n)}n>o defined in (129) is log-convex, so that

{lV(n)]~'}n>0 is log-concave.

More sufficient conditions and further details can be found in [I0, Theorem 5] and [2, Theorems 3.4,
3.7, 3.10 and corollaries].
Hence, by Theorem [3.2] we get

Theorem 6.9. Suppose conditions of Proposition hold for the sequence {V(n)}n>0 defined in
(29). Then the function p — g(u;x) defined in is coefficient-wise log-convex on [0,00).

Next, define the functions

oo o (2n+p+2) (z/4)"
nzz:l n—l 2n—1) ZV I'3/2+n) n!
= 7811(;;)“1%“ < (3/2,1),(a, A) ‘ 4) - (39)

and

995) L (36)

v ~~I(Bn+b) (1) . (1,2), (b, B)
M) = D T G 1) ) = M T ( 1w+ 1.1). (. A)

The condition Zle A>3 ; Bj ensures positive radii of convergence for f and g. Set

Z) . (37)

An+a (H’)Q” TN" (/~L72)7(a7 A)
«T(Bn+b) (1 + 1),n! (5) ~ Hprl Tt ( (u+1,1),(b,B)

The condition Zg: ;i Bi = >-P | A; ensures a positive radius of convergence for h.
Application of Theorem to the function yields:

17



Theorem 6.10. Suppose conditions of Proposition hold for the sequence {V(n)}n>o defined in
(29). Then the function u — f(u;x) defined in is coefficient-wise log-concave on [0, 00).

Application of Theorem to the function yields:

Theorem 6.11. Suppose conditions of Proposition hold for the sequence {V(n)}n>o defined in
(29). Then the function p — h(p;x) defined in is coefficient-wise log-concave for shifts a+ [ < 4
on [0,00) and log-concave for the shifts v, B € N; the function pn — ﬁ(u; x) defined in 1s coefficient-
wise log-convez for shifts a+ 5 < 4 on [0,00) and log-convex for the shifts a, 3 € N.

Finally, note that Theorem [5.1] implies that

p— AT (4 1/2)p11 ¥t ( ((2;:711))7,(&;:’*];) ‘ x)

is coefficient-wise log-convex for all positive values of A, B, a, b.
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Appendix

Proposition 6.12. The sequence Ag, A1, ..., A 2 defined by has exactly one change of sign.

Proof. In the proof Theorem M we have shown that: (i). Zg%z] Ap <0 form >1; (ii) If A, <0
for some k < m/2, then Aj_1 < 0. Thus, it suffices to prove that A[m/g] > 0 for each m > 2. Set
k=[m/2].

(a). If k =m/2 > 1, then Ay = (u+ @)or(pt+ B)ar — (11)2r (1 + o + B)ax > 0 because the function
2+ (x + 7)/x is strictly decreasing for any positive z and 7.

(b). f k=(m—1)/2>1, i.e, m=2k+ 1, then

Ap = (p+ a)ar(p + Bak+1) + (1t + @)k r1) (1 + B)2k
ag b
= (W)a2k (1 + a+ B)agrs1) — (1)2k+1) (10 + o+ B)ag -

Ck dk

We will prove that Aj, > 0 for k> 1 by induction. For k = 1, we have

A =af (oz?’ﬁ + 2031+ o2 + 40?Bu + 6026 + 42 1% + 122 1 + 602 + a3
+4af?p+ 6aB? + 6aBu? + 30aBu + 22a8 + dap® + 30au’ + ddap + 17a
+ 283+ B3 + 4B%u? +126% 1 + 66% + 481> + 308u” + 448 + 178 + 2u*
+20p° + 44p” + 34+ 12) > 0.
Assume that Ay = ay, + by, — ¢, — dy > 0. Consider
F(a) = Ak+1
=ap(p+ a+2k)o(p+ B+ 2k + 2)2 + bp (1 + a + 2k + 2)2(u + B + 2k)2
—cp(p+2k)o(p+ a4+ 8+ 2k + 2)g — di(p + 2k + 2)2(p + @ + 8 + 2k)s.
Then

F(0) = ag(p+ 2k)2(p + B+ 2k + 2)o + b (1 + 2k + 2)o(pu + B + 2k)2
—ci(p+2k)o(p+ B+ 2k 4+ 2)o — dp(pu + 2k + 2)2(p + 8 + 2k)2
= (ar +bp — ¢ — dp) (4 2k)2 (1 + B + 2k + 2)2
+ (b — di) [(1 + 2k + 2)2(u + B+ 2k)2 — (1 + 2k)2(p + B + 2k + 2)o]
= (ag +br —cx — di) (1 + 2k)2(n + B+ 2k + 2)2
+2(by, — di) B (2B + 3B + 8k* + 4Bk + 8kp + 12k + 24> + 61+ 3) > 0
because by > dj. Regarding ay, by, ck, dy, as constants and differentiating with respect to a, we have

F'(a) = ap(2p + 20+ 4k + 1) (u + B+ 2k + 2)o
+ b (20 4 200+ 4k + 5) (e + B + 2k)2
— (2 + 2+ 28 + 4k + 5) (1 + 2k)2
—dp, (21 + 20+ 28 + 4k + 1) (p + 2k + 2),
= (ag +br —cx — di) (2 + 2+ 26 + 4k + 5) (1 + 2k)2
+ap[2u+2a+4k+1)(p+ B +2k+2)2 — 2u+2a + 28 + 4k + 5) (1 + 2k)2]
+p [(20 + 20+ 4k 4+ 5) (1 + B+ 2k)2 — (21 + 200 + 28 + 4k + 5) (1 + 2k) 2]
—di [(2p + 20+ 28 + 4k + 1) (0 + 2k 4+ 2)9 — (20 + 20 + 2B + 4k + 5) (1 + 2k)2]
> (ap +bp —cp — di)2p+ 20 + 26 + 4k + 5) (1 + 2k)2
dp [2u+ 20+ 4k + 1)(p+ B+ 2k + 2)2 + (2u + 2a+ 4k + 5)(u + B + 2k)2
— (20 + 200+ 2B + 4k + 1) (1 + 2k + 2)2 — (20 + 20 + 28 + 4k + 5) (1 + 2k)q]
= (ag +br —cx — di) (2 + 2+ 26 + 4k + 5) (1 + 2k)2
+ 2y, B (208 + o + 6a + 28+ 33 + 8k + 8ak + 48k + 8k + 12k
+2p% + 6 — 1) > 0.
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The first inequality above holds since min(ag,b;) > di, and the second one is true because k > 1.
Thus, we see that Ax11 = F(a) > F(0) > 0. O
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