MATH 2418: Linear Algebra

Assignment# 4

Due : 02/13, Wednesday Term : Spring 2019

[First Name] [Last Name] [Net ID]

[Recommended Problems (do not turn in ): Sec 2.3: 1, 3,4, 7, 8, 9, 18, 21, 25, 27, 28.
Sec 2.4: 3, 6, 7, 10, 11, 12, 14, 17, 21, 26, 32]

1 5 2 2 0 3
1. Let A=1|1 0 1l and B= |0 5 1], find the products AB and BA.
3 -2 4 13 -2 0
Solution:

Number of columns in A = number of rows in B=3, so AB is defined.
Number of columns in B = number of rows in A=3, so BA is defined.

1 5 2 2 0 3 (1, 5, 2).(2, 0, 13) (1, 5, 2,).(0, 5, —2) (1, 5, 2).(3, 1, 0)
AB={(1 0 1 0 5 1 = (1, 0, 1).(2, 0, 13) (1, 0, 1).(0, 5, —2) (1, 0, 1).(3, 0)
3 -2 4] |13 -2 0 (3, =2, 4).(2, 0, 13) (3, =2, 4).(0, 5, —=2) (3, =2, 4).(3, 1, 0)
28 21 8
=115 -2 3
|58 —18 7
and
(2 0 31 5 2 (2, 0, 3).(1, 1, 3) (2, 0, 3).(5, 0, —2) (2, 0, 3).(2, 1, 4)
BA=10 5 1] |1 0 1| = (0, 5, 1).(1, 1, 3) (0, 5, 1).(5, 0, —2) (0, 5, 1).(2, 1, 4)
113 =2 0 [3 -2 4 (13, =2, 0).(1, 1, 3) (13, =2, 0).(5, 0, —2) (13, =2, 0).(2, 1, 4)
11 4 16
=8 -2 9
|11 65 24




1 5 2 2 0 3 1 2
2. For the matrices A= 1|1 0 1(,B=|0 5 1|,andC = |3 2, verify the associative
3 -2 4 13 =2 0 -1 3

property of the matrix multiplication: (AB)C = A(BC).

Solution: Although showing A(BC') = (AB)C in this case is not a formal proof that associativity always
works, it does always work. This is in part due to the fact that multiplication of scalars is associative, but
is mostly due to the fact that we can think of matrices as linear transformations (c.f. Problem 33 of
Section 2.1, a recommended problem), that is, as functions giving us vectors with vectors as inputs. And
since the composition of functions is associative, so too is multiplication of matrices.

1 5 212 o 3 28 21 8 2 0 3][1 2] [-1 13
First, AB= |1 0 1[0 5 1| =1[15 -2 3|andBC=|0 5 1| |3 2|=]14 13
3 -2 4| [13 =2 0 58 —18 7 13 -2 0| |-1 3 722
28 21 8] [1 2 83 122
Then (AB)C' = |15 -2 3| |3 2| =|6 35 (1)
58 —18 7| |-1 3 ~3 101
1 5 2][-1 13 83 122
and A(BC)= {1 0 1| |14 13| =|6 35 (2)
3 -2 4| |7 22 -3 101

From (1) and (2), we have A(BC) = (AB)C

2 /[



1 5 2
3. Consider the 3 x 3matrix A= |1 0 1
3 -2 4

(a) Perform 3 elementary row operations to reduce the matrix A into an upper triangular matrix U.

Solution:
1 5 2 1 5 2 15 2] L. 150 2
A=|1 o 1| BByl 5 g B30y 5 | 22500 o5 1| =U
3 -2 4 3 -2 4 0 —17 -2 0o o 1

(b) Write down the elementary matrices Fa1, E31, F532 corresponding to the row operations in part (a).

Solution:
1 00 1 00 1 0 0
Eyy=1[-1 1 0|, E33={0 1 0, Ex=]/0 1 0
0 0 1 -3 0 1 0 - 1
(¢) Write down a single matrix M such that M A = U is upper triangular.
Solution: Since E33F31Fo1 A = U, the single matrix M is given by
1 0 0 1 00 1 00 1 0 0 1 0 0 1
M =FE33FE3E; =10 1 0 0O 1 0/f(-1 1 0/=1]J0 1 O0f]|-1 1 0|=/|-1
0 -& 1] [-3 0 1] |0 0 1 0 -4 1] |[-3 0 1 2
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4. Consider the matrix A as in previous question and the vector b = (1,2,1), solve the system Ax = b.
Solution:

Writing down the augmented matrix [A b| and using the matrix M = F35F31 F21, we have the solution to
Ax = b is the same as to M Ax = Mb, hence we will use the augmented matrix [M A Mb]:

1 0 0 1 5 2: 1
M=|-1 1 0|=[MA: Mb]=[U: Mbj=|0 -5 —-1: 1
2 _17 1 0 0 7. _ 27
5 5 5 5
From the last row of [U : Mb] we get %1‘3 = 7257 = 13 = 72—77, performing back substitution on the
TOW #2 = —bxg —x3 = 1 = 29 = % and, once more, performing back substitution on the first row

=21 +519+ 223 =1= 11 = 4717 therefore the solution is x = %(41, 4,-27).
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5. Given elementary matrices Fy

find the following products

(a) E1 E2 =

~~
O O
o~ O

~
oS O O
— -

—~
o O

(b) B2k, =

(C) E3E4

(d) E4E5 =

| pe—
o O -

S = O

~~
=R

A~~~
o o o

— =

—~
o O O

S - O

— O O
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6. Let B =

(a)

= O =
S O N
o OO

For any 4 x 3 matrix A, what is the column 3 of AB? Explain your answer.

Solution:
ai; a2 a3 Ry 0
Let A= |21 922 23] _ e and rewrite B as column vectors[Cy; Co Cs] with C3 = [0].
az; azy ass Rs 0
a41 Q42 Q43 Ry
Ry - 03 0
B . Ry - Cs B 0
Then the column 3 of AB = AC3 = Rs-Cs| = |0
Ry -Cjy 0

For any 3 x 2 matrix C, what is the row 2 of BC? Explain your answer.

Solution:
C11 Ci12 R

Let C = |co1 coo| = [Cl 02] and rewrite B as row vectors | Ro | with Ro = [0 0 0].
c31 €32 R

Then the row 2 of BC' = RyC = [Ry - Cy Ry - Cs] = [0 0]

Is it possible to find a 3 x 3 matrix D such that DB = I3, the 3 x 3 identity matrix? Explain.
Solution:

0
No. By the same token of (a), for any 3 x 3 matrix D, the column 3 of DB is |0], but the 3 x 3
0
0
identity matrix that has column 3 as |0
1

Is it possible to find a 3 x 3 matrix F' such that BF = I3, the 3 x 3 identity matrix? FExplain.
Solution:

No. By the same token of (b), for any 3 x 3 matrix F, the row 2 of BF is [0 0 0], but the 3 x 3 identity
matrix that has row 2 as [0 1 0]
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1 2 =5 -3 10
7. Let A = |-1 O 1| and B = |1 2|, without calculating AB, A? and BA, calculate the
3 -2 4 2 1
following:

(a) the entry (AB)s3z of AB

Solution:
(AB)32=(row 3 of A) - (column 2 of B)=(3,-2,4) - (10,—2,1) =30+ 4+ 4 = 38.

(b) the entry (BA)s3 of BA

Solution:
Because the matrix A is 3 x 3, matrix B is 3 x 2, so BA is undefined.

(c) row 1 of AB

Solution:
-3 10
row 1of AB=[row lof AIB=[1 2 5] |1 =—2|=[-11, 1]
2 1
(d) column 3 of A2.
Solution:
1 2 =5 |-5 —23
column 3 of A2 = A[ column 3of A]=|-1 0 1 11=19
3 -2 4 4 -1
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8. Compute the following products:

a 4 1| |d 1 2 ad a+4e 2a+8+f
(a) |0 b 5|10 e 2| =10 be 2b+5f
0 0 ¢

00 f 0 0 cf

a 0 Ol |d O O ad 0 0
(b) 12 b 0| |1 e Of = 2d+0b be 0
3 3 ¢l |2 1 f 3d+3+2c 3e+c cf
a 0 0 3 5 =7 3a ba —Ta
() 10 b O 2 4 1|=1|2b0 4b b
0 0 ¢||-9 2 6 —9¢ 2¢ 6¢

3 5 =7 ]a 0 O 3a bbb —Tc
d (2 4 1 0 b 0| =1|2a 4b ¢
-9 2 6 0 0 ¢ —9a 2b 6¢
a 0 0][a 0 O a® 0 0
() |0 b 0] |0 b Ol =]|0 b 0
0 0 ¢ [0 O ¢ 0 0 ¢
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1 5 2

9. Let A=1|1 0
3 -2 4
of B.
Solution:

AB =

1{ and B =

2 0
0 5
13 -2
5
2 0 3/+]|0|[0 5 1]+
-2
03 [o 25 5 26
0 3/+0 0o o0f+|13
0 9] o -10 —2] |52

9 /19

2
1| [13
4

-4 0
-2 0
-8 0

-2 0]

28
= |15
58

3
1], find the product AB as a sum of columns of A times rows
0

21 8
-2 3
-18 7



10. Answer the following(you DO NOT need to show your work).

(a) Write down two 2 x 2 non-zero matrices A and B such that AB = 0, the 2 X 2 zero matrix.

1 0 0 0
Answer.A{0 O}’ B{O 1]

(b) Given A = E’ ;L} write down the elementary matrices Fq and Fs5 such that

3 4 1 2
Fi1A= [7 10} and FyA = [3 4}

Answer: F| = B ﬂ , By = [(1) (1)]

(c¢) Given A = E’ ﬂ write down the matrices D; and Dy such that

30 40

b4 = {—3 —6

| and ane = [0 ]

10 —6

Answer: D = {100 _03] , Dy = {10 O}

(d) For any two 2 x 2 matrices A and B, which of the following are guaranteed to be equal to (4 + B)??

(a) A2+2AB+ B*> (b) A2+ AB+BA+B? (c) A2+ B%* (d) A>-2AB+ B>
Answer: (A+ B)? = A2 + AB + BA + B? ( Note: AB # BA in general.)

(e) For any two 2x2 matrices A and B, which of the following are guaranteed to be equal to (A+B)(A—B)?

() A2+ B2 (b) A2— AB+BA—B®> (c) A~ B? (d) A —2A4B + B?
Answer: (A+ B)(A— B) = A? - AB+ BA — B?
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