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Abstract

Duality relations for hypergeometric functions have reappeared as an active research topic several
times, with the first instances tracing back to Euler and Gauss and the latest burst of activity occurring
between 2015 and 2023. In this paper we present a common generalization of all relations of this type
found in the existing literature both for hypergeometric and for g-hypergeometric functions. We cover
both Gauss type and confluent generalized hypergeometric functions and their g-analogues. Our results
entail a number of corollaries including multi-term relations for hypergeometric and g-hypergeometric
series at a fixed argument.

1 Introduction and preliminaries

Duality relations in the context of this paper are identities of the form Z§:1 ¢; fi(2)g;(2) = a(z), where f;,
g; are each expressed in terms of a single hypergeometric function ,F, or a single g-hypergeometric function
p®q dependent on interrelated parameters; c; are constants which also depend on parameters but not on
the variable z, and «(z) is an explicit elementary function, like power times a Laurent polynomial or its
g-analogue. The term ”duality relations” originally refers to the situation when f;, g; are solutions of adjoint
homogeneous differential (or difference) equations, but we retain it for a more general situation.

The history of duality relations for hypergeometric series can be traced back to Euler and Gauss with
important contributions made by Bailey and Darling in the 1930s, see details in [I3| Introduction]. More
recent developments include works by Nesterenko [I7, Theorem 5] and Gorelov [0, Corollary 1], motivated by
number theory, by Feng, Kuznetsov and Yang [7], motivated by computation of fractional Laplacian and by
Beukers and Jouhet [3], derived by purely algebraic methods based on the theory of D-modules of differential
and difference equations.

Another line of research driven by computation of the coefficients of contiguous relations for o F7 and 2¢q
functions is due to Ebisu [5] and Yamaguchi [20]. Their relations are more general than specializations to o F}
(or 9¢1) of the relations due to Feng, Kuznetsov, Yang and those due to Beukers and Jouhet. In the paper
[13] Alexey Kuznetsov and the first author found an extension of the relation from [7] which included Ebisu’s
o F) identity. In the subsequent paper [I1] Kalmykov, Kuznetsov and the first author found a g-analogue that
included as a particular case Yamaguchi’s formula. The identities from [I3] 1] did not include, however, the
Beukers-Jouhet duality relations from [3] neither for the ordinary nor for the basic hypergeometric functions.
The goal of this paper is to present identities that include all previously mentioned formulas as particular
cases.

To set the stage, let us introduce some notations. We will use the standard Pochhammer symbol (a),, =
I'(a 4+ n)/I'(a) and the abbreviation (a), to denote the product (a), = (a1)n(az), - - (ap)n, where n is an
integer and a = (aq, ..., ap) is a p-tuple of real or complex numbers. If n = (nq,...,n,) has the same size as
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a, then we set (a)n = (@1)n, (@2)n, - - - (@p)n,. The symbol ap,; will denote the p-tuple a with k-th component
omitted. The standard notation ,F, (a;b; z) will be used for the generalized hypergeometric series,
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The expression a + a will be understood as the component-wise additon, where « is a scalar.

(a)n Zn
(b)pn!”

Let us now recall the Beukers-Jouhet formula from [3]. Define ¢ = S to be Euler’s operator. Set b, =1
z
and k,0 =0,1,...,r — 1. Then the identity [3, Theorem 1.1] takes the form

1 bi—1 b —a
Z) v TF”( L=by +b;

T

1 k1—b; l1+a->b;
Z (bm — b-)lﬂ i " Tl( 1 -‘rb[i] —b;

i=1 v

Z) = My, € H(Z), (1)

where b;’s are assumed to be distinct modulo integers, and H is the field generated over Q by a;, b;. Moreover,
My =0ifk+1<r—2and My = (-1)*/(1 — 2) if k +1 = r — 1. The functions
’

b, 1+a—b; _ b; —a
1-0b; 0 b;—1 7
z r T1< 1+ by — b z) and z TFrl( 1~ by + b
appearing in the above identity and related by a; — 1 — a;, b; — 2 — b; form the bases of solutions around
z = 0 of the standard and dual hypergeometric differential equations, see [3, (3.1)]. This explains the term
“duality relations”.

A natural generalization of can be obtained by replacing the operator ¥ by the operator ¥(a) =

d
zl_ad—z“ dependent on a real parameter «, so that 9 = 19(0), and further replacing 9* by
z

Ha) = Hag,y ... a1) = Hag) - Hay), (2)
and, similarly, for ¥(8) = 9(8,, ..., $1). Then the left hand side of is replaced by

i— bi_ )

In Corollary 2.7 below we will present the closed-form of the above formula in terms of rational functions in
z. We will also remove the restriction &, < r — 1 imposed in [3]. This result is a corollary of a more general
new identity which also extends the relation from [I3] Theorem 1], namely

F 17b+a¢+m7m
Z Jrtir—1 1—a[i]+ai+n[i]—ni

T

1 —b; 1+a—-1;
- ¥ Zl blr L < i
Z (b[z] - bz)l ( ) "1 + b[z] —b;

i=1

r

1-b i )m—n; i — Qa;
T et 1 P

(ai — a[i])ﬂ[i]*ni+1 L+ A —

z) = R(z), (4

i=1

where m,n € Z" and R(z) is a rational function of z given explicitly. The common extension of and
will be given in Theorem [2.1]in the subsequent section.

To discuss the g-case, let us recall some standard notations. Let ¢ be a fixed complex parameter (the
‘base’) with 0 < |g| < 1. The g¢-shifted factorial is defined for any complex parameter a and a nonnegative
integer n by

n—1 n
1 1 —1)" n(n+1)/2
@ao=1, (@) =][0—-ad), (@a)n=]] _CEVETT e,

it chl-a/d®  (ag™q)n  a"(algiq)n
(5)

The condition |g| < 1 also guarantees that for any complex a the limit
(a:9)0c = lim (a;q)y

n— oo

exists as a finite number. Let a = (ay,...,a,) € C". We will use the abbreviations

=" ,q"), (@@Qn=(a1;0)n(a2;0)n - (ar;@n, (A;@)n = (a1;@)n, (a2;Qns - (ar; O,



wheren = (nq,...,n,) € Z". Furthermore, for an integer r > 2 and complex parameters a1, ..., ar, b1, ..., bp_1,
the basic hypergeometric series is defined by

T¢r1<§;q,z> ::i (a1:q), - (ar;q), 2" :iM

= (b139), - (br-139),, (:9),, = (b;@)n(@; O

Define b, = 1, A = Y7 a; and B = Y ;_, b; and suppose k,l = 0,1,...,7 — 1. Slightly changing the
notation [3, Theorem 1.2] can be stated as follows:

r 1-b;

q g'tah k ¢ A—Br—1+1
Z Wr(br—l <q1+b[i]—b7‘, 14,4 Z) rPr—1 <q1+b7¢—b[i] 3459 " Z) = M(q) € Hq(2>7 (6)
=1

where H, is the field generated by ¢, ¢%, ¢* over Q. Moreover, we have My;(q) = 0if I < k < r — 1, except
when (k,1) = (r — 1,0). In the latter case,

B (_1)r+1qr
Mr—100) = 5 a1,

In addition, we have
1

e

In [I1, Theorem 1] Kalmykov, Kuznetsov and the first author established a related identity of the form
ql—b-l-ai—i-m—ni
WZ) rr—1 ( ql—a[i]+ai+n[i]—m,

where a € C" satisfies a; — a; ¢ Z for 1 < i < j < r and the vector b € C" is arbitrary; W =
gt TT_, g% ~%. The function R,(z) is given explicitly in [IT] (8)].

In Section 3 below we will present a duality relation that contains both @ and as particular cases. It
will be given in Theorem[3.4] For both differential and for ¢g-cases we will also provide confluent versions of our
identities (i.e., relations for the functions ,. Fy and ,¢s with r < s) and a number of explicit examples of the
right hand sides for small values of the components of n, m. Furthermore, our results entail several corollaries
providing explicit expressions for certain finite sums of terminating and non-terminating hypergeometric and
basic hypergeometric series at a fixed argument. Finally, let us remark that all formulas presented in this
paper have been verified numerically for particular values of parameters and should not contain typos or
inaccuracies.

Mk7k+1(q) k:Oalw"aT_Q'

T 1—b+a;. —n; b—a;
§ :qai(l—t) (q 7Q)m7’ﬂiz ¢ 1 ( g
i—ar . r¥Yr— 14ap;1—a;
i=1 (qa el ) q)n[i]—ni-i-l q il

z) =Ry(2), (7)

2 The differential case

Using the straightforward differentiation formula

a a,a+1
2pky ( b Z) ‘| =z 1 Fya ( b, o IZ) (8)

we can rewrite generalized Beukers-Jouhet expression as follows

d
LB+ 4
z

T

Z(l—bi+a)1(bi—l+ﬁ)1 F l+a—10;,2—-b;+ay,...,2—b; +ay,
(byi — bi)1 PRSI 1 4 by — by 1= b+, ., 1= b+,

’

. F bi—a,b;+f1,...,0; + 5
THETHEI L — by 4 biy b+ B — 1, b+ By —

i=1

Note that while the written formula (8] requires that o # 0, —1, =2, ... it is in fact true for any « if we agree
that a(a+ 1)x/(a)r = (e + k) also for « = —m, m = 0,1,.... The above form of the generalized Beukers-
Jouhet expression provides a clue for simultaneous generalization of and . The result is presented in
the following theorem.



Theorem 2.1. Suppose that r > 2, u,v > 0 are integers, a,b e C", a € C*, B € C?, and m,n € Z". Set

M = Z mg, N = Znia Mmin = lrélilgr(mi% Nmax = lrgzagxr(ni)’ (9)
p=max{—-1,M —N+u+v—r+1}. (10)

Assuming that the components of b are distinct modulo integers, the following identity holds:

i(1+a_bi)mfni(1_bi+a—n¢)1(bi_1+ﬁ)1>< F, ( SR )
) r+ovd'r+v—1
i=1 (bpi) = bi)ng—ni+12™ L L—bpy+b,b; -1+
l+a—b;+m—-n;,2—-b;+a—n P—Mmin
XT+UFT+U_1<]-+b[i]bi+n[i]ni,1bi+an 1—2,’ Z )\Z, (11)
J=—Nmax
where the coefficient \; is given by
! p+1 "
- _ j—L+u . _ o g
/\] - . ( Z ‘ . <] _4)( I)J z;(bz +;8 1)1(b1 (81 Y4 1)1
=max(—Nmax,j—p— i=

(b[i]_bi)n[i]+€+1(€+ni>! bi—a—m—f,l—bm—&-bi,bi—i—ﬁ—l,bi—a—f—l ’

with each term with £ + n; < 0 vanishing by convention, j = —Nmax,---,P — Mmin-
In order to prove the above theorem, we will need the following
Lemma 2.2. For each k € Z define the rational function

(z+a—k+Dmir(z+a+1)(— z+ﬂ+k—1)

z) = 13
fi(2) s~ (13)
Then for z — oo the function fi(z) has the asymptotic expansion
M+4u+v—N—r )
i)~ Y Gk, (14)

j=—oc0

where C_1(k) is a polynomial in k of degree p, which is defined by under the convention that a polynomial
of negative degree vanishes.

Proof. Tt is straightforward to see from that C_1(k) =0if p < 0and C_;(k) = (—1)¥ if p = 0. Assume
that p > 0. In view of (2); =I'(z + k)/T'(2), we have

log[fi (= Z{logf z4+a;+m;+1)—logl'(z+a; —k+1)—logDl(z+b; +n; + 1) +log (2 +b; — k)}

=1

+ Zlog(z +ap+1)+ Zlog(—z +Be+k—1) (15)
=1 =1
Next, recall Hermite’s asymptotic expansion for logI'(z + a) [16], (1.8)]

1)75;(a)

logT'(z + a) ~ (z+a—1/2)logz—z—|—210g (2m) +Z “ )1

as |z| — oo in the domain |argz| < 7 —J, 0 < § < 7, where B;(x) is the j-th Bernoulli polynomial [I8
24.2.3] generated by

e & tJ L [
1 :ZBj(x)ﬁ and given by B;( Z() !

j=0 : =0



in terms of Bernoulli numbers B;. The equality By = 1 implies that the leading coefficient of B;(x) is 1.
Substituting Hermite’s expansion for each term in log[fx(2)] into and using Taylor’s expansion of the
logarithm, we get

log[fi(2)] ~ (M +u— N —r)log(z) + vlog(—z) + Z Qj (16)

where

Q;(k) = — > [Bj+1(bi — k) = Bji1(ai — k+1) + Bjyi(a; +m; + 1) = Bjpa(bi +n; + 1)]

v

DY ar+ 1) = > (B + k= 1)

t=1

We see that @), (k) is a polynomial in k of degree j (note that the leading coefficient of B;41(z) is 1, so that
the degree k + 1 terms cancel out). Exponentiating both sides of (L6]), we find (remember that p > 0 by
assumption)

fr(z) ~ (_1)vzp7162_721 Qj(k)z"7 (17)

According to the well-known formula for an exponential of a power series (see [15, Lemma 1] and references
therein), we have

Xz QM =1 1 N g (k)2 (18)

where
s 1 4
qs(k) = o Z H Qs, (k)
=1 s1+-+sp=st=1
s¢>1

The above expression shows that ¢s(k) is a polynomial in k of degree at most s. Combining ,
and (I8), we conclude that C_; (k) = (—1)"g,(k), which is a polynomial in k of degree at most p. O

Proof of Theorem[2.1} Using the Cauchy product expansion, we have

S(Z) — Z{(1+a_bi)m—7h( —b; +a_ni)1(bi - 1"'[7')1»2

(b = bi)ngy—n.+1
b, —a, b, + 3
z) X r+uF7'+1’—1 ( 1-— b[l] + bzvb

i=1
. l+a—-b+m-—n;,2—-b;+a—n
rtutriu—l 1+b[1] —bi—&-n[i] —ny,l—bi+a—n;

B (I+a—>b))mon,z" ™
B Z < (b[z bi )

i=1 [i—nit1

))

izk b (bi —a);(bj+B+j—1)1(1+a—bj+m—n;)p_ (1 —bj+a—n;+k—j)

k=0  j=0 (1 =bp +b:); (1 + bpy — bi + np) — ni)r—55!(k — j)!
T oo

_ (Z Zk—ni
=1 \k=0

Zk: (1+a—bl)m_n7(b, —a)J(bl+,8+]— 1)1(1+a7b1+m7n1)k_](1flerafnlJrkfj)l

j=0 (b[l] - bi)ﬂ[i]*nrﬂ(l - b[z] + bi)j(l + b[l] —b; + np — nl)k,jj'(k‘ — j)'
r..> k T 00 ki+ng

DDA DETED DID DI Dl i (19)
i=1 k=0 J=0 P ——— =0

where
- (I+a—b)mn,(bi—a);(bi+B+j—1)1(l+a—bi+m—ng)p;(1—b;+a—n;+k—j)h (20)
" (b[i] - bi)n[i]—ni-‘,—l(l — by + bi); (14 by — b +np) — ni)k—;jl(k —7)!



Using the fact that (z); = (=1)7(1 — z — j);, we have
(1+a—b)mn(bi —a)j(l+a—bi+m—n)p; = (-1)"(1+a—bi — fmikn,- (21)
Similarly, we deduce that
(bpi) = bi)ngy—n+1(1 = by + b:);(1+ by — b + 1y = ni)i—y = (=) (b = by = ngy kit (22)
By , , and , we have

- (—1)(A+a—bi — jmik—nbi + B+ - 111 — b+ —ni+k—j)
b (b[i] —b; — j)n[i]‘Fk*ni‘Flj!(k - j)!

3

and .
kns _ (=1 +a—=bi = Jmerxbi +B+j—1)1(1—bj+a+k—j)

Yi.5 - - -
7 (brij = bi = J)npy+k+151(k +ni — j)!

Furthermore, we set %k, ;r" =0 if kK + n; < 0. Using this convention, we may write as

[e%¢) r k+n;

JOREDIEED DD DL i

k=—nmax  i=1 j=0

where ny.x 1S specified in @D If —nmax > —Mmuin, then & > —my;, for each term in the above sum.
Otherwise, if —nymax < —Mmin, then we may write

—Mmin—1
S(z) = Z ez + S1(2),
k=—Nmax
where
oo r k+n;
Si(z) = Z 2", pi = Z Z v
k=—Mmin =1 j=0

Thus, it suffices to show that S1(z) can be written as a rational function in the form z=™=i» P, (2) /(1 —z)P*T1,
where p is specified by , and P,(z) is a polynomial of degree at most p with the convention that
P_1(z) =0. In order to achieve this, for each k € Z we set

(z+a—k+Dmr(z+a+1)1(—z+B+k—1)
(z4+b—k)ntrr1

which is the same function specified in Lemma [2.2] Note that fi(z) is well defined and rational for each
integer k. Moreover, for k > —mup,;, all rising factorials in the product (z +a—k+1)m+x are polynomials in
z and all poles of the rational function f;(z) are points such that (z +b; — k)g4n,+1 = 0 with k+n; +1 > 0,
i.e., the points z = —b; + k—j for j = 0,...,k+n;. Since the components of b are distinct modulo integers,
we see that all poles of fi(z) are simple. By a straightforward calculation, we have

fr(z) =

9

(=) +a—=bi = ki + B+ =111 =bi+a+k—jh
res fk(z) - . 4 |
z=—b;+k—j (b[l] —b; — ])n[i]+k+1]~(k +n; — j).
="

Therefore, for all £ > —my,i, we have

r k+n;
_ k+mn;
§ res fi(z) = § § Vi
over all poles of fi(z) i=1 j=0

where only the terms with k£ +n; > 0 are non-vanishing. Using the fact that the sum of residues of a rational
function at all finite points equals its residue at infinity, which is the coefficient at z~! in the asymptotic

expansion
M+4u+v—N—r

fr(z) ~ Z Ci(k)27, 2z — oo, (24)



which is the same as in Lemma we have

r k4+n;

>3t = e

=1 j=0

By Lemma we see that C_;(k) is a polynomial in k of degree at most p. Thus, we may write C_1(k) =
Z?:o wek®. Then we have

o) r k+n; oo

Siz)= > AN A= Y k) (25)
k=—Mmin i=1 j=0 k=—mmin

E k§ :wekffz mnun§ :wEE mmm
Jj=

k=—mMmin

It is straightforward to find that

o0

520 = m) e = 2O

(S

where Py(z) is a polynomial in z of degree at most £. Therefore, we have

p P —_ .
—Mmin PZ(Z) ) z mmmPp(z)
Si(z) ==z Zwe = o) = T

where P,(z) is a polynomial in z of degree at most p. Hence, we conclude that

S(z) = Z 2%+ 81(2) (26)
k=—TNmax
_ _mi Z + 2z~ Mmin P ( )
Hik (1- z)P‘H
k=—TNmax
P—Mmin
=(1-2) Z A2l
J=—Tmax

where A\; € C are certain coeflicients defined for j = —nmax;,...,P — Mmin. Explicit formula for A; is
established in Proposition below. O

Remark 2.3. Define two polynomial families (i =1,...,r):

v

GO =[[0i+8e-1+9).  HI(y Hl—bi—nﬁawy)-
=1 =1

Then identity (11) can be viewed as a polynomial perturbation of [13, Theorem 1] in the sense of [12].

Namely, using the notation
— () k
= P, (k
:r) > (b) k! (k)z

k=0

for perturbation of F(a;b;x) by a polynomial P, of degree m, the left hand side of takes the form

- (1+a—b‘)m n; b, —a (@) l+a—b;+m—n; (3)
—F ’ F H,' .
Z(b[z] b) np)— ni4+12™ ].—b[l]—f'bz Gv § 1'|‘b[z]—bz-i-l’l[l]—’rLz u | #

The original identity [13, (3)] is recovered by setting the degrees to be zero: uw=v = 0.
An explicit expression for the coefficients Ay is established in the following proposition.
Proposition 2.4. The coefficient A\; on the right-hand side of is given by formula .



Proof. Writing S(z) for the left hand side of , we get by collecting terms

oo r k4+n; oo
k k+n; __ k
SO DD DD DR LD DI
k=—nmax =1 j=0 k=—Nmax
=55,

According to (23), we have the first equality below:

e (1A +a—bi = jmsrlbi +B+j—1)1(1 —bi+a+k—jh
I (br — bi = Jnpy+ k15 (k4 ni — 5)!
(I +a—0b)mir(bi —a);(1 —by +b —ny —k—1);(—k —n;);
~ (bi—a—m—k);(by — bi)ny rk+1(1 = by + bi); (k4 ni)l5!
X(_1>u(bz+ﬂ 1)1 (bs +/8) (bi —a— k_l) (b'_a_k)j.
(b +B—1);bi —a—k—1);

The second equality above is obtained by an application of the following easily verifiable identities

(2)n(l - 2); Ay
(1-z—n) and (m—j)!=(-1)

(z=J)n =

Hence,

k= E
( [{] — z)n[i]+k+1(k‘ + TLZ)'

k—mn;,b; alfb[i]erifn[i]fk lb+,8b—a k
><F(b—a—m k,1—by +bibi +8 -1, —a—k -1 (27)

Multiplying both sides of by (1 — 2)P*! and expanding by the binomial theorem, we obtain
p+1 P—Mmin
P+ 1> Z
> RS ST
Jj=0 ( J k=—nmax k=—nmax
Multiplying both sides by z™max_ changing k + nma.x — k and writing Mo = Ak—nmay s O = Ok—npay > WE g€t
p+1 P—Mmin+Nmax
D+ 1> j Z <p + 1> i & Y Lk
Z . Iy o2k = Zz Z (=10 = Z A2
7=0 ( J s=0 jt+k=s J k=0

In view of (ijrl) =0 for j > p+ 1, this implies that

min(s,p+1) 1 min(s,p+1) 11
~ p A p .
As—timax = As = Z ( . >(_1)J58j = Z ( . )(_1)J6Sjnxxlax
i=0 J j=0 J
for s =0,...,p — Mmin + Nmax. Returning to k = s — nyax, we obtain by changing the index of summation

according to the rule j — k — j:

min(k+nmax,p+1) (

A = > P 1) (=1)7 0k = Zk: (p i 1) (—1)*g;

7=0 J j=max(—Nmax,k—p—1) k- J
for Kk = —nmax, -+, P — Mmin- Substituting formula for 0; and renaming indices, we finally arrive at
). O

Below we present two explicit examples of the right-hand side of computed using with » = 3 and
u=1v=1.



Example 2.5. Setm = (1,1,2), n = (1,2,2), a = (1/2), and B8 = (1/3). Then the right-hand side of
takes the form
(b2 —1/2) (b2 =2/3) . (=bs—1/2) (bs — 2/3)
(a1 — bg)(ag — bg)(b3 — b2)22 (a1 — b3>(a2 — bg)(bg — b3)2’2 ’

Example 2.6. Set m = (2,2,2), n=(0,2,3), a« = (1/5), and B = (1/7). Then the right-hand side of
takes the form

1 [Zz <(bs9/5) (bs —6/7) (b1 — b3 —2)(by — bz — 1)

(1 — 2)223 (a1 — bg)(ag — bg)(a3 — bg)
1
35( 35a; — 3bas — 35a3 + T0by + 105b3 — 2)
2 1
— 35 (—35b1 + 350> + 7005 + 68)) (35(—351)1 + 35by 4 70b3 + 68)

2 (—by — 9/5) (by — 6/7) (b1 — by — 2) (b — bs — 1>> 4 (ba—9/5) (bg = 6/7) (b1 — by — 2)(b — by — 1)
(a1 — bg)(ag — bg)(ag — bg) (al - b3)(a2 - bB)(a3 - b3)

The Beukers-Jouhet identity [3, Theorem 1.1] is recovered from by taking m,n, a and 3 to be the
zero vectors of the appropriate sizes. A generalization of Beukers-Jouhet identity hinted at in can now
be written explicitly by setting m = n = 0 in Theorem

Corollary 2.7. Suppose ¥(a) is defined in , u,v > 0 are integers, a,b € C", the components of b are
distinct modulo integers, and o € C*, 3 € C*. Then

1 1-b; 1+a—b; bi—1 b; — a,
Z (b[i] — bi)lﬁ(a)z " T1< 1+ b[i] —b; Z) 19([3)2 rbr 1-— b[i] + b;

i=1
where p = max{—1,u+v —r + 1}. Moreover, if p > 0, we have

p
z) = (1—z)7P7! Z)\jzj,
§=0

J p+1 j ., T
Z(w) TR b+ B b —a— =1

i=1
L Ara—b)e o —6bi—al—by+b—L—1b+Bb—a-(

Define

=B =A
—

V:Zk:1 bkfzkzl ar+v—r—+1, (28)
u=B—-—A+N-M-—u—1.

The following result has not previously appeared even for particular cases of identity .

Corollary 2.8. Suppose that p,v > 0. Then

i I(1+a—bi+m—n)(1—b+a—n) sinfr(b;—a)]
L(bp —bi +np) —n; + 1) sin[m(bp;) — bi)]

i=1

r l+4a—b;+m—n;,2—b, + o —
X rutirdu—1 1+bp — b +np —nyg, 1 bl—l—a—nl

1) —=0. (29)

Remark 2.9. Formula does not seem to reduce to known multi-term identities for non-terminating
hypergeometric series evaluated at unity, see [6, (5.1),(5.3)].

Proof. We will use the following asymptotic relation

lim (1 — z)wTFr,l (c

z—1

)= e 30)



which is valid when ¢ = 25:1 cj — Z;;} d; > 0. Note that the parametric excess (sum of the bottom
parameters minus sum of the top parameters) of the first hypergeometric factor in is precisely —v,
which is defined by (28]), while the second factor is p. By assumption, we have y,v >0 and v —p—1 > 0,
where p is defined i. Multiplying by (1 — z)” and taking the limit 2 — 1 in view of (with
¥ =v > 0), we arrive at (29). O

Next, we turn our attention to the confluent case of Theorem for the hypergeometric function ,Fj,
with 0 < p < ¢, p > 0. Denote by |z] the floor function, whose value is defined to be the greatest integer
less than or equal to the real number x.

Theorem 2.10. Suppose that 0 < s <r—1,r > 2, u,v > 0 are integers, a € C°, b € C" has components
distinct modulo integers, m € Z°, n € Z", and o« € C*, B € C¥. Set

1<i<s 1<ilr

M= Zmi, N = Zni, Mmin = Min (M;), Nmax = max (n;), (31)
i=1 i=1

which is the same as @[) up to the new size of m, and let
pP=|(M+ut+v—N-r+1)/(r—s)]. (32)

Then the following identity holds:

zr: (1+a—bl)m,nl(1—bl—i—a—nl)l(bl—1—|—,6')1 < F < bi—a,bi—i—ﬂ (—1)TSZ>
i=1 (bli] = bi)ny—n,+12™ AR bpi) +6i,0; =1+ 8
y 5 l+a—b;+m—n;,2—b; +a—n; _max(%nl’p)a k (33)
stufrfu—l 1+b[i]—bi—I—n[i]—ni,l—bi—i—a—ni = o R

where § € C is given by

" (bi—l—ﬁ—l)l(bi—a—k—1)1(1+a—bi)m+k
6 — _1 u
k=02 (bl = bi)ny+k+1(k + 1)

7k7ni,bi7a,17b[i]+bifn[i]7k71,bi+,6,bi7a7k'
x F
bi—a—m—k,l—bm—ﬁ—bi,bi—i—,@—l,bi—a—k—l

i=1

for k = —nmax, - - ., max(—mmin — 1,p).

Proof. Follow the proof of Theorem up to formula which now will have the same form except
for (—1)™ being replaced by (—1)%. Nevertheless, the presence of (—1)"~% in the argument of the first
hypergeometric factor in leads to the same expression for %(H-m as presented in . Next, formula

J
is replaced by
M+u+v—N—r—(r—s)k

Jr(z) = Z Ci(k)z)  as  z— o0.

j=—o0

This implies that C_y (k) =0if M +u+v—N—r—(r—s)k < —1, i.e., when (r—s)k > M+u+v—N—r+1.
Let p’ = [(M +u+v—N—r+1)/(r —s)]. Then by the above argument and (25]), we have

Si(z) = i Coa(k)F = > Coa(k)2k

k=—mmin k=—mMmin

Note that if p’ < —mpin, then S1(z) = 0. Therefore, instead of the calculation in from the proof of
Theorem here we get

—Mmin— max(—mMmin—1,p")

S(z)= > w4 Si(2) = > orz".

k=—nNmax k=—TNmax

The numbers §; were computed in . O]

10



As 0 = 0 for k > max(—mmpin — 1,p’), in view of we immediately obtain
Corollary 2.11. Under conditions of Theorem for each k > max(—mmpin — 1,p") we have

i (bi+B—1)1(bi —a—k—1)1(1+a—b)mik
(b = bi)njy+r+1(k +ng)!
< F —k—ni,bi—a,l—bm—l—bi—nm—k—l,bi—i—ﬂ,bi—a—k —0
bi—a—m—k,l—bm—|—bi,bi—|—ﬁ—1,bi—a—k—1 o

i=1

Below we give two examples of the right-hand side of formula for the choice s=1landr =3, u=v=1.

Example 2.12. Set m = (1), n = (0,1,1), a = (1/3), and B = (1/5). Then the right-hand side of
takes the form (15by + 15b3 — 17)/(15%).

Example 2.13. Set m = (2), n = (3,3,3), a = (1/7), and B = (1/11). Then the right-hand side of
takes the form
77a3 4 73a; — 130

77(&1 — bl)(al — bg)(b3 — a1)23'

3 The basic case

The g-gamma function (see [8, (1.10.1)] and [I0] 21.16]) is defined by
— (60)
L (2)=(1—q)t =222
R T
for || < 1 and each complex z such that ¢*™™ # 1 for all n € NU {0}. Comparing this definition with (F)),

we get
L2+ k) _ (¢%59)k

LG U-gF oy
for any integer k. We will also need the standard g-binomial coefficients defined by
. n—j+1. .
e (@0;(GDn—j (2:9);

see, for example, [8, p. 24] or [I0, Chapter 7]. For any real number z, we set (z); = max(0,z). We will
retain the notation Mmmin = minj<;<,(M;), Nmin = Mini<;<,(n;), M = >_;_ m;, N = >;_, n; introduced
previously in @, . In this section we change slightly the definition of p from @[) as follows:

p=max(—1,M —N+v—r—t+1), (36)

where ¢ is an additional integer parameter.
The following lemma was established in the course of the proof of [I1, Lemma 1].

Lemma 3.1. Consider the function

where k € Z and v,n € C. Then
(i) For sufficiently large z we have

gk(z7,m) = (/1) Y27 Su(a™),

£>0

where Sp(w) is a polynomial of degree £ whose coefficients do not depend on k.

(ii) For sufficiently small z we have

gk(z7,m) =Y 2 Tu(h),
£>0

where Te(w) is a polynomial of degree ¢ whose coefficients do not depend on k.

11



Remark 3.2. The proof of [11l, Lemma 1] is written for k > 1, but careful examination shows that essentially
the same proof works for negative k. The trivial case k = 0 is also included since Sy(1) = Ty(1) = 0 for
(> 1.

Corollary 3.3. Suppose a,be C", mneZ",t € Z, a € C* and B3 € C. Consider the function

Fo(s) = -t (20" " Qrrm (26" P 91 (715 q)s (38)
(2472 @)knt1 ’

where k € Z. Then

(i) For sufficiently large z we have

Fi(2) = (¢"B)* M =Nt " Qu(g )27, (39)
>0

where B =[]_, qu bt =i and for each £ > 0 the function Qu(w) is a polynomial of degree £ whose

coefficients do not depend on k.

(ii) For sufficiently small z we have

Fp(z) = 27" Pi(d")2", (40)
>0

where for each € > 0 the function Py(w) is a polynomial of degree £ whose coefficients do not depend

on k.
Proof. Set
Fo(z) = — (qufb;Q)Hm(quH”k;Q)l(flqafl;Q)l.
(2472 @ ktnt1
Then B
Fi(2) = 27 fi(2). (41)

In terms of gj defined in we can write

v

fk(z) _ R(Z) . Hgk(z; qfai+ni+1’q*bi+mi+l) H gk(z; q1+ﬁj,q2+ﬂj)a (42)
i=1 j=1
where

a—1.

(2" Om (24" 9)1 (27 ¢* )

(2472 @)nt1

Note that the above factorization is true for all integer k, which can be verified using . From this expression
we conclude that the function R has the series expansion (for all sufficiently large z)

R(z)=—

R(z) = 2MT NN e, (43)
>0

where ¢, € C is certain coefficient independent of k, ¢g # 0. Using item (i) of Lemma we find that for
large z

[T gx(ziq ottt g bttty = BEY " 274Qu(q ™), (44)
i=1 >0

where B =T]/_, g¥i—bitmi=ni and Q, are certain polynomials of degree £. Similarly,

v
1oz, ) = ¢ >~ 27 Qu(g™).
j=1

>0

Combining , , , and , we arrive at the desired result .

12



For small z, it is clear that R has the series expansion
=2y et (45)
£>0

for some coefficients é& € C. Using item (ii) of Lemma we have (for all z small enough)

[T grGziametmdt gmotmsty = 3 "2 Pu(gh), (46a)
i= £>0
and
H gk 1+ﬁj q2+B_] — Z Z@Pg(qk) (46b)
£>0
where each function P, and P is a polynomial of degree ¢. Combining , , , and , we arrive
at the desired expansion ([{40). 0O

Our main result is the following

Theorem 3.4. Suppose that r > 2, u,v > 0 are integers, ¢ with 0 < |q| < 1 is a complex number, the vector
a € C" satisfies a; —a; € Z for 1 < i < j <, the vectors b € C", and o € C*, B € C” are arbitrary.
Assume further that m,n € Z" and t € Z. Let W = ¢"7" = [\_, q%~", p be defined by and Mmin,
Nmax Tetain their meaning from @ Then the following identity holds

1) (@ 7P O, (T8 T q)a (¢ TR )27 T B
Zq a;—ag]. T+u¢r+u—1 1+ap)—a;i ,—a;—l+o z
p (q% 72 Onyy—nit1 q ' q

_ ) s 1 B_n. pA(u+t) f —Mmin
N ( gl b+a;+m nq,)q2-|1-az+ﬁ n z) B 1 Z A (47)
r+vPr+v— —ar. ) G —n +B—n; = - - ,
glmamtatng =N gltaitfon (W250)p41(25 @) (utt) 1 L

where the number A\ is given by

k
Ak = > (—1)F

Jj=max(—nmax,k—p—(u+tt)+—1)

p+1l [(u+t)s|  (hh—1)+g(9-1))/277h
O Al e

g+h=k—j g
X{ gD (g at B g) 1 (@41 )1 (PP F S @) may
i=1 (Q7 Q)j-‘rn, (qai Bt 5 Q)n[i]-&-j-&-l

p q—j—m , qb—ai7 g1~ %) —j’ q—ai—ﬁ—j, g
2r+ut+vP2r+utv—1 qb—a,i—m—j7 ql—ai-&-a[i] ; q—l—ai—ﬁ—j7 qa—ai—l

qNM+m+t1) } (48)

Proof of Theorem[3.4 By the Cauchy product, we have

1—b+a;. Q)m n: (q—ai—l—i-a. q> (q1+ai+ﬂ—ni;q)lz—m

~ -1 (g i Qmn,
z) =Zq‘“(1 2 y—
P ("~ q)ny,

b—a; —a;to

)
1+a[i]—a7¢ —a;— 1+

—n;+1
1-b+a;+m—n; q2+a¢+ﬁ—m
)
Wz x r+v¢r+v71 ql—a[i]-l—ai—i-n[i]—ni q1+ai+,3—71'i
)

’

q .q
s oo
=1 k=0
k . —as i B . i ;
<3 (¢" "1 @ mon, (¢P %5 @) (¢! PTH ™ )y (g7 @I T )y (g Tt R ) W
=0 qu =D (g% 7205 q)nyy —n1 (@ TR q) (¢! AT g) (g5 0)5 (05 @)k
r 00 k ki+n;
_ k— ki+mn;
S D) IELD SRy Z Z R (49)
i=1 k=0 =0 i=1 ki=—n,
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where

ko " (g P Omn, (4P @) (@ P ) (g A T ) (g AR g) W
I (g Doy —ni+1(q 2745 g) (g mB0r a0 g)5(q59) (4 Dk

ai=ap),
(50)

Using and

(q% @)n = (1)t =2 (gl g, (51)

we can simplify the g-Pochhammer symbols in the denominator on the right-hand side of as follows:

(@" " Qg1 (@ T 7% q) (g T )
_ (q1+agfa,;, q) (1 _ q)ngfniJrlJrk*j Fq(ai —ag+ng—n;+ 1) rq(l —a¢+a;+ng—n; +k— .7)
P Ly(a; — ar) Ly(1—ar+a; +ne—ny;)

1+a¢—aj. a;—ag.
)

=(q 9);(q 5D np—ni+14k—j

= (_1)jq(1+a2—ai)j+]’(j—1)/2 (q_a€+ai —j; q>j (q%ae; Q)nzfnhLlJrkfj

= (_]_)jq(l‘i'af*ai)j+j(j71)/2 (qai*aéfj; Q)ngfni+1+k- (52)
Using and doing a similar calculation for the numerator in , we get
(_1)jqj(j—1)/2+ai(1—t)+tj(ql—b+ai—j; Qmthon, (g4 TOTI=1 gy (gt TotB—nitk=i, o))

k
7' i = A —1 9
I (q% 2075 @)yt k—ni+1(4 Q) (€ Oy

which is equivalent to

e (FDIPUTDR OO (g1 ) (g7 O T g (g TP ) (53)
" (q" 72077 @)y +h+1 (0 O (@ Dbetni—j
Moreover, we set ”yf;r” =0 if k +n; < 0. In view of this convention, we can write as
e} r k4+n; o)
Sty= > A3 = > mA (54)
k=—Tmax =1 j=0 k=—"max

where the last equality is the definition of p;. Whenever —npax > —Mmin, we have k > —myin in the above
sum. Otherwise, when —npax < —Mmin, We can write

—Mmin—1
S(z) = Z pez® + S1(2), (55)
k=—TNmax
where
[e%s) r k4+n;
S1(z) = Z p 2", HE = Z Z %k;rn
k=—min i=1 j=0

To show that S;(z) is a rational function of z, for each k € Z we define the function

P @)kt (20 TP @)1 (27 g™ )
(quaQ (])k+n+1

1—

Fulz) = 4 and  Fy(z) = 2 fu(2). (56)

Clearly, fk(z) is a rational function of z for each k € Z. Moreover, for k > —myy;y all terms in the numerator
except for (z71¢®71;q); are polynomial in z so that all nonzero poles of f; come from the zeros of the
denominator as the only singularity of (z71¢*~!;¢); is a multiple pole at z = 0. When k +n; + 1 > 0 for

each ¢ = 1,...,r, the nonzero poles of fi(z) are points z such that (2¢7?; ¢)k4n+1 =0, i.e.,
z=q% 7, i=1,...,r, and j=0,....k+n,.
Note that the terms with k& + n; < 0 do not contribute to the sum of residues. Since a; — a; ¢ Z for

1 <i< j<r, we see that all these poles are simple. Therefore, the finite poles of F} include all poles of fk
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and the pole at z = 0 of order ¢t + u if t + u > 0. After a straightforward calculation, we get in view of
that

_1}igiG—1)/2+a;(1—t)+tj (g 1-b+ai—j. —a;+a+j—1. 14+a;+B+k—j.
res Fi(z) = (=1)"q (g s @)m+k (g ;9)1(g 1)1 _,yﬁj-m.

a=qi (" 275 @) ny 441050 (€5 Do

Hence, for each k& > —my,i, we have

r k+n;
E res F,( E E 'yk““ ,
over all finite nonzero poles of Fy(z) i=1 j=0

where only the terms with k& + n; > 0 are non-vanishing. Next, we utilize the fact that the sum of residues
of a rational function at all finite points equals its residue at infinity, which is the coefficient at 2~ ! in the

asymptotic expansion
M+v—N—r—t

Fr(z) ~ Z Cj(k)2’ as z — .

Therefore, we have
r k+n;

> Z Vi " = Coa(k) — res Fi(2). (57)
i=1 j=0

Corollary implies that the coefficient C_1(k) at 27! equals 0 if M +v — N —r —t < —1, and equals
(¢*B)*Qu(g™*) if M +v— N —r —t =p—1 with p € Ny, where Q,(y) = > g apy' is a polynomial of
degree p in y. Similarly, the residue of Fj(z) at z = 0 is equal to 0 if u+¢ < 0, and is equal to Qu+t,1(qk) if
u+t > 1, where Qu+t,1(y) = Z?:gil butt—1,:y" is a polynomial of degree u +t — 1 in y. Furthermore, we
extend the definitions of @), and Qu+t,1 to negative degrees by Q_,(y) = Q,g(y) =0 foreach {=1,2,....

Set

kmin - min(nmaxa mmin)~

In view of , the target sum equals (the first sum vanishes if =100 > —Minin)

—Mmin— r k+n;
R SRR R b SR
k=—nNmax k=—Kmin =1 j=0
—Mmin—
— k _
= Z et + Z [ res Fk(z)}
k=—nNmax k=—kmin
—Mmin— [es}
- Z '“’fzk + Z [ (@°B)*Qp(a") - Qu+t—1(qk)]
k=—"max k=—FEmin
—Mmin— [e’e}
= Z Mkz + Z ”Bz ap,O + apqu—k 4+t apmq—pk]
k=—Nmax k=—FKmin
o0
- Z Zk |:bu+t*1,0 + bu+t71,1qk + -+ bu+t71’u+t71qk(u+t—1):|
k:_kmin
~Mmin— v —kmi v —Kmin o kmi v Kmi
a B min a B min yFmin a B Kmin P min
= > e r.0(d"B) 1 %ol )_1 o Gee@B)
k 1 —¢"Bz 1—¢""'Bz 1—q"?PBz
—=—Mmax
Cbugio10 buti—1,1q " o butt—1,ust—1q Frin(ri=1)
1—2 1—gz 1— qutt-1z

Note that the common denominator on the right-hand side of the above identity equals (W 2;q)p11(25 ) (u+t)
and thus we get ( .
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Next, we deduce an explicit formula for the coefficient A\g in . We first recall the following two
well-known identities

(—1)1g?U=D/2ki (q; q),,
(7% q);
(@% @) m(q* %

(6 Q)k—j =

)

_ $q);
qmI(gt=57mq);

Applying the above two identities to , we get

(@7 q)m =

s (@ ""19)5(¢> "3 q); (g~ 071 q)(¢" P @ mn
" (6 Qkotns (0% 720 Oy k41 (P07 ™R ) (¢ 2005 9) (g5 ) 5
gD gIN =M=t (graites g) (gmatelig)y (7 PR q) (g T tATR ¢)y

(q7tmai=B=k; q);(q=uta"1;q);

Thus, from we have S(z) = Y02, pxz" with

X

r k4+n;
=3 g
i=1 j=0
e (R )1 (T )1 (6 P @)
i=1 (@ Dretni (@425 Qg 41

q—k—m,qb—ai’ qa[i]—ai—nm—k7 q—a,y—ﬂ—k:’ q—ai+o¢
q ’q—l—ai—fl—k7 q—a,i-i-a—l

N—M4r—1+t—v
X 2r futvP2rtutv—1 ( b—a;—m—k ql—a,-+am q ) ! (59)
)

where each term with k 4+ n; < 0 vanishes by convention. Next, we need the Gauss expansion

(@:q)n = M ¢ (—a),
=0 a

where [?] is the g-binomial coefficient given in . This leads to
q

p+1+(utt)+

W2 )pr1 (21 Qusn, == D, Di(=2),
=0

<

where

D, = Z [P; 1] {(Utt)ﬂ DTG ) /2yt
i+b=j q q

Note that for u + ¢ < 0 we have
D; = [pf 1] G012y
J g
Multiplying both sides of by (W2;q)p+1(2; @) (utt),. and applying the aforementioned expansion, we get
p+1+(utt) 4 00 pH(utt) f —Mmin
oD Y mf= Y AR

j=0 k=—"Nmax k=—TNmax

Multiplying both sides by z™==x changing k4 nmax — k and writing fix = fik—n.p» 5\k = Ai—np.., We Obtain

P14+ (utt) 4 00 00 Pp+(utt) 4 —Mmin+nmax
j ~ Kk ; N ~ )
E Dj(—z)’ fipz" = E 2° E D;(—1) i, = E Ae2®.
7=0 k=0 s=0  j+k=s 5=0
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On account of D; =0 for j > p+ (u+t)1 + 1, it implies that
C minspt(utt) ) | min (s,p-+ (u+1) 5 +1) |
As—tnax = As = Dj(=1) frs—j = Z Di(—1) fs—j—nmas
j=0 =0

for s=0,....,p4+ (u+t)+ — Mmin + Nmax- Set k = 8 — Npmax. Then

min(k+nma,pt-(u-+t) 4 +1) k
A = > (=1 Djpn—j = > (=17 Di—jn
=0 J=max(—nmax,k—p—(ut+t)+—1)

for k = —nmax, - - -, P+ (u+1t)+ — Mpin. Substituting the formula for py in the above identity, we finally
arrive at the explicit formula for \g. O

Remark 3.5. The identity established in [11, Theorem 1] is recovered from by setting u = v = 0.

Remark 3.6. The g-identity of Beukers-Jouhet [3, Theorem 1.2] is derived from by taking m, n, wu,
and v to be zero vectors of appropriate sizes and setting z = ¢z and t = £ — k for some k,£ € N.

Below we present an example of the right-hand side of withr =3, u=v=1.

Example 3.7. Set m = (1,1,2),n = (1,2,2),a = (1,1/2,1/3),b = (2,3,4),a = (1/2), and B8 = (1/3).
Then the right-hand side of takes the form

1 (1 _ q—13/12) q1/3 (1 _ q—7/15) (1 _ q—5/4) (1 _ q—3/10) q1/2 a4
21—2z) |\ (1—¢33) (1= ¢°/3) (1 — ¢~ 1/9) N (1—¢=5/2) (1 —¢q=3/2) (1 — q1/5) —4 z
(1 _ q—13/12) q1/3 (1 _ q—7/15> (1 _ q—5/4) (1 _ q—3/10> q1/2
U= =) =0 A=) (=g ) (1= a)

The following corollary is established by employing the same argument as that appears in the proof of
[11, Proposition 1].

Corollary 3.8. Suppose conditions of Theorem are satisfied and |W| < 1. Then

)

u+t. p+(u+t)+7mmin
_ (q 7q)oo Z Ak,
(W3 @)p+1

k=—nmax

where X\ 1s specified by . Note that ("7 q)oe = 0 if u+t < 0, so that the right-hand side vanishes
under this condition.

S U (s
@i—ap] . rruETTu— +ap)—ai g—ai—l+a
i—=1 (q HvQ)oo q ,q

Our next goal is to deduce an identity for terminating g-series. Denote

A:Za]‘, B:ij7 M2:Zm?, NQZZn?, a:Zaja B:ZB] (60)

We will need an alternative asymptotic formula for fi(z) defined in (56). In view of

(a:q)n = (—a)"q%) (ql_n ; q) K

a

we have by repeating mutatis mutandis the calculation from [Tl p.404]

$ Okt (2gPE Q)1 (271> g

(247 @) k+n+1
_ (71)M7N7r+v+1qk(A7B+M7N+'u)qAJr(a,n)f(b,m)«k(Mg7N2+M7N)/2+v+,8

1-b

Ny, G0 N0 (P g

X
(z71ga—k-n, q)k+n+1

fr(2)
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Then, by the standard Taylor series log(1 —x) = — 3" ., 2°/s, we compute

R T k+m;—1 . k+n; '
log fi(=) = 3 [ D log(l—27tgh ) — Ny " og(1 — z—lq‘“‘"’i‘k“)]

i=1 =0 =0

+Zlog1—zl(”1+210gl—z “Pe=koly

r k+n1 k:—l—ml 1
= E § E g (ai—ni—k+j)s } : 2 : o b —m;—k+j)s
=1 7=0 s>1 = s>1

—ZZ oD _ ZZ g oGt 2§ g

=1 s>1 =1 s>1 s>1
where
1 r k+n; k+m;—1
Qs = Qs(a,b,mn,a, B) = 5 [ Z gl ikt Z q(bimikﬂ)sl
i=1 L j=0 =0
_ li q8(ae*1) _ 1 zv: q*S(BerkJrl)_ (61a)
S s
=1 /=1
Then -
> &
e
with
1
1o =1 - t s 61b
q0 s s z:: Qtqs—¢- ( )
Hence,
(o] ~
Fi(2) = (_1)M—N—r+vqk(A—B+M—N+v)qA+a-n—b<m+(JV12—N2+M—N)/2+v+ﬁZM—N—r+v—t @,
ZS
s=0

where a-n = ajn; + - + a,n,. This implies that the coefficient C_; (k) in the expansion (for large z)

M—N—r+v—t )
Fe(z)= Y. Ci(k)?.
j=—0o0
is equal to zero if M — N —r +v —t < —1 and given by

C_l(k) _ (71)M7N7r+vqk(AfB+M7N+v)qA+avn7b-m+(JWz7N2+M7N)/2+v+ﬁqp

ifp=M-N—-r4+v—t+1>0,and C_1(k)=0if p=M — N —r+v—t+1 < 0. Hence, defining §; =0
for s < 0 and using our previous definition p = max(—1, M — N —r +v —t+ 1) we get consistent definition

of §, for all values of parameters.
In a similar fashion, when z is small enough, we use the notation from to get

Fulz) = (1)t pmuga—n (20" " Drrm (2P F )1 (2075

(2472 @) kn+t1

Fr(2)
so that
T k+m;—1 k+n;
log(fe(2)) =D _ | D log(1—zg"""*) = " log(l — 2 ")
i=1 j=0 =0
+ Zlog (1- 217 4 Z]Og 1+ﬁz+k ZPSZS,
s=1
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where

r k+n; k+m;—1 u v
L 3 B e S e S
i=1 L j=0 =1 =1
Hence,
. _ S
Fk(z) — Z—tfk(z) — (_1)u+1qa—uz—u—telog(fk(z)) _ (_1)u+1qa—uz—u—t Zpszs
with

1 S
po =1, DPs = ; thptpsft- (62b)
This yields for the coefficient at 2!
res Fi(z) = (=D “puti
z=

provided that w + ¢ > 1. Otherwise, the residue is equal to zero. So, we set by definition p; = 0 for s < 0.
On the other hand, it follows from and that for & > —mmin

r k4+n;

Co1(k) — fe%Fk Z Z %kjn = k-

=1 j=0
Substituting here the values of py, from , we arrive at

Corollary 3.9. Suppose that k > —mmin, -1 =0, o = 1, and §, = ¢p(a,b,m,n, a0, B) is given by
forp > 1. Similarly, let p_1 =0, po = 1, and ps = ps(a,b,m,n, o, B) be given by for s > 1. Then

gD (gHHatBrE gy, (g e )1 (¢ P @)k

Pt (@5 Dens (@20 gy k41
—k—n; ,b—a; g—ai—ny—k —a;—B—k ,—a;
w ¢ " ,q a17qa[ 17470 ,q ai—p ,q aitox N—M+4r—1+t—ov
2r+u+ovP2r+utv—1 b—a;—m-k _l—a;+ay ,—l—a;—B—k ,—a;+a—1 q
q yd yd 4
_ M—N—r+v _k(A—B+M—-N+v) A+an—b-m+(Ms—No+M—N)/24+v+8 » u+l _a—u
=(-1) q* 'q (M= N2 ) Pap — (=1)" " puss1,

where A, B, My, No, «, B are defined by anda-n=ani + -+ an, is the scalar product.

To formulate the confluent case of identity , we recall the confluent case of the basic hypergeometric
function [, formula (1.2.22)]:

a > (a1;@)n(a2;@)n -+~ (s @On n (M1
0 <b ‘q’z> :nz;; (bl;fJ)n(ébz;Q)n?"(br;Q)nEJQ;Q)n {(71) q(Q)} T (©3)

where s < r, and the series is convergent for all complex z. It is further convenient to introduce another
version of the basic hypergeometric series considered by Bailey [I Sect. 2] and Slater [I9] (3.2.1.11)] and

given by
- [ a o (a59)nlag;@n (a5, A
O <b ’q’z> _7;) (013 (b2; D (b DGO (64)

Note that for s = r + 1 the two series s¢,- and SQZ)T coincide. If s < r + 1 the Bailey-Slater series can be
expressed in terms of the series by setting some of the parameters equal to zero:

- ai,..., Qs o aly...,05,0,...,0
s¢r < b1>~--abr q,z) r+1¢r< b17-~-abr ‘q,z) . (65)
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Theorem 3.10. Suppose 0 < s < r are integers, ¢ with 0 < |q| < 1 is a complex number, the vector
a € C" satisfies a; —aj € Z for 1 < i < j < r, and the vector b € C*® is arbitrary. Assume further that
meZ\neZ andte€Z. Letaa € C*, B CY, and W = ¢ [[i_, ¢* [I;_, ¢ . Then

- qa,i(l—t) (g

P Qi (T )i (¢ T )12

(qai e 5 q)nm —n;+1
b—a; ,—a;t+a

l1-b+4a;+m—n; ,24+a;+B—n;
) q yd
X s+u¢r+u—1 q1+a[i]_ai q_ai_l"l‘a
b)

s—r)a; "
W q( ) Z) X s+U¢T‘+U—1 ( qlfa[i]+ai+n[i]fni q1+ai+ﬁfni
)

)
1 K

= (5ka7 (66)
(23 q)(u+t)+ k:Z

—Mmax

wherep' = |[((M+v—N—r—t+1)/(r—s)| and K = max(—mmin — 1,p’) + (u+1)4. The symbols M, N,
Tmax, Mmin Tetain their meaning from . The coefficient &y is given by

k
utt )b S
5 — 3 {(k_j)ﬂ gD k=i=1)/2(_1yk=3
) q

j=max(—nmax,k—(u+t)+
gD (gt atBEI )y (gt g)y (¢ Pt g
P (¢:9)j+n:(a

—j—ni7qb_ai’ qa[i]—ai—n[i] —j7 q—ai—,ﬁ—j7 q—ai—&-cx
X r+s+u+v¢r+s+u+v—1 b—a;—m—j l—a;+ay ,—1—a;—B—j ,—aito—1
q »q »q »q

X >m+j

ai—ap)

5 Q)n[i]—i-j—&-l

qNM+r1+tv> (67)

for k= —nmax, .., K.
Remark. If u+¢ <0, then simplifies to

gD (gHHat Bk gy, (gL )1 (PP @) mok

8 = ,
izzl (@ Drotn (@725 Qg +ht1

a; 7a[

—k—n; b—ai7qa[i]—ai—n[i]—k’ q—ai—ﬁ—k q—ai—i—a

)

)
X T+5+U+U¢T+S+U+U—1 < qbfaifmfk’ ql—ai—i-a[i] , qflfaifﬁfkr7 qfai+a71 q

NM+7‘1+t’u) .
Proof of Theorem[3.10 Repeating the proof of Theorem we calculate

S(z) =) gm0~ (4
i=1

P Qe (T )a (g T )2
(qai—am

5 Q)n[i]—nﬁ-l
b—a; ,—ait+a

1-b+a;+m—n; q2+ai+ﬁ*m
)
X s+u¢r+u—1 q1+a[i]_‘1i q,ai,1+a
)

s—r)a; n ’
W q( ) Z> X stoPriv—1 <q1a[i]+ai+n[i]ni q1+ai+67m
)

)

T
k*’ni

I
NE

z

-
Il
=
>
I
o

Zk: g“ (g P o, (6P @) (@ TP ) (g A T ) (g AR ),
X s . f— . . L — .
= (% 7205 Qnpyy—np41 (@275 q) 5 (¢ 72T SR g)y(q3.9)5(65 @k—j

x (Wqls—mai)i {(_1)3'(1.7'(]’—1)/2] o

r oo k r oo ki+n;

—n; i ki+n;

PP IEED DD DD Dk

i=1 k=0 7=0 i=1 kj=—n; Jj=0

where

N ¢ (P i, (¢ q) (¢ P ) (g eI )y (g P BRI gy
" (g g1 (g T2 q) 5 (gFRET e g) () 5(05 @)k

% (Wq(s—r)ai,)j (_1)jqj(j—1)/2 - . (68)

ai—ap),
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Using a similar computation as that in the proof of Theorem we deduce that

’Yk' _ (71)(sfr+1)jq(sfr+1)j(jf1)/2+ai(17t)+tj(q17b+ai7j; Q)m—&-k—ni (qfai+a+j71; q)l(q1+ai+ﬁfni+k7j; Q)l
I (g 2077 @npy+h—ni+1(05 05 (65 O k—j
L. r—Ss
X [(—=1)7g7U—1/2
_ (=1)dgfU=D/24a:(=t)+tj (gl=brai—j. gy (g=eteti=1 g) (gitestBnith—i. gy,
(q" 20775 @)y rb—ni+1 (4 @) (05 Dr—j ’
or

e (—1) /U D2t (gl rai=d g) g (g~ T T g (g AR g), (69)
” (@ 20775 @)y +r4+1(65 0 (4 @ ki —;

Furthermore, we put vﬁ j" =0 if kK + n; < 0 as before. Using this convention, we again have

oo r k+n;
k k—+n;
5(2) Z z Z Z Yig o
k=—nmax  i=1 j=0
Note that k > —mpiy foreach i = 1,... )7 if —ngmax > —Mmin. Otherwise, if —npax < —Mmin, then we may

write decomposition similar to (55)) but with %k;i-m defined in

—Mmin—1
S(z) = Z pez® + 81 (2),
k=—nNmax
where
oo r k4+n;
Si@) = Y md we=)0 ) A
k=—mmin i=1 j=0

Next, for each k € Z define the functions by the same expression as :

1P ) hrm (2P )1 (271 L )y

(2472 @) knt1

and  Fi(z) = 27 fi(2). (70)

The only difference with is unequal sizes of the vectors a and b. Computing the residues at non-zero
poles _
z=q% 7, di=1,...,r, and j=0,...,k+n;.

present whenever k£ 4+ n; + 1 > 0, we have in comparing with that

res Fi(z) = %kjn

2=q%i I

As z — 00, we obtain
M+v—N—r—t—(r—s)k

Fi(z) ~ > Cj (k)27
j=—00
which implies that the coefficient C_1 (k) =0if M +v— N —r—t—(r—s)k < —1, i.e., when k > p’, where
p=|(M+v—N-r—t+1)/(r—s)].

The residue at 0 is unaffected by the sizes of the vectors a and b and from item (ii) of Corollary we
conclude as before that the residue of Fj(z) at z = 0is 0 if u +¢ < 0 and Quy¢_1(¢¥) if w4+t > 1, where
Quit—1(y) = Zz_g_l butt—1,y" is a polynomial of degree u + ¢ — 1 in y. Using the previous convention
Q_¢(y) =0 for each £ =1,2,..., we obtain

r k4+n;

P = Z Z %kjnl =C_1(k) - Qu+t—1(qk).

i=1 j=0
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Thus, when u + ¢t < 0, we have

0o p’
S1(z) = Z przt = Z C_1(k)2"
szmmm k:*mmin

The above sum is empty and equals 0 if p’ < —mpy;,. On the other hand, if u+¢ > 1 and p’ > —myy,, then

oo p/ u+t—1b
k k —Mmin u+t—1,j5
Sie)= D mt= D Caket - d ST
k=—mmin k=—mMmin Jj=0 g

while if u+¢ > 1 and p’ < —mpyi, then

00 u+t—1 b
— k _ _  —Mmin utt—1,j
Si(z) = Z Rzt = —z Z 12
k=—mMmin 7=0
Summarizing all those cases, we get
—Mmin— 1 max(—mMmin—1,p")+(u+t) 4+ .
S(z) = Z prz® + 81 (z) = S 0527
k= —Tmax (% @)ty = Timax

Next, we deduce an explicit formula for the coefficient §;. As only differs from by the size of
the vector b, we obtain a formula for u; similar to , but with modified dimension of ¢:

r k4+n;
eI IR
i=1 j=0
ai(1=0) (glHaitBrk, g), (g% L q) 1 (¢ P+ @)t

" g
>

X r4s+utv ¢r+s+u+v71 (

(@ Dktni (@425 @)y +h+1
—k—ni b—a;i jag—ai—ng—k —ai—B—k —a;
g T gbTa Rk gmaimBok gmaite

qb—ai—m—k 1—a;+ap ) q—l—ai—ﬁl—k7 q—ai—&-a—l

. qN—M-‘,-'r'—l-‘rt—U) ; (71)

where each term with k 4+ n; < 0 vanishes and S(z) = Y 2 urz*. Using the Gauss expansion

(% Q) (utt), = Z [ ; +} qJ(]—l)/Q(_Z)J,
3=0 q

we multiply both sides of by (2;q)(u++t), and then get

2 [+ 1) -
S (A P M SR
7=0 q k=—Nmax k=—nNmax

Multiplying both sides by z™=2x  changing k + nmax — k and writing jix = flk—n.rs 5k = 0k—n,,.., We then
get
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for s =0,..., K 4+ nmax. Set k = 8 — nyax. It implies that

min(k+nmax,(u+t)4)
P [(u ‘*‘_t)+] P2 (1) s
=0 7 e
- (u+t)
- X ] iy,
Jj=max(—nNmax,k—(u+t)4) 1

Finally substituting for ui, we arrive at . |
Below is an explicit example of the right-hand side of with s =1 and r = 3.

Example 3.11. Set m = (2),n = (1,2,2),a = (1,1/2,1/3),b = (2),a = (1/5), and B8 = (1/7). Then the
right-hand side of takes the form
(_q93/35 ~1) . (1- q—17/15) (1 _ q—11/21) . (1- q—13/10) (1 _ q—5/14)
q%8/35 (1— g 1/6)z2 (1 — q/6)22 :
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