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Abstract

Duality relations for hypergeometric functions have reappeared as an active research topic several
times, with the first instances tracing back to Euler and Gauss and the latest burst of activity occurring
between 2015 and 2023. In this paper we present a common generalization of all relations of this type
found in the existing literature both for hypergeometric and for q-hypergeometric functions. We cover
both Gauss type and confluent generalized hypergeometric functions and their q-analogues. Our results
entail a number of corollaries including multi-term relations for hypergeometric and q-hypergeometric
series at a fixed argument.

1 Introduction and preliminaries

Duality relations in the context of this paper are identities of the form
∑p
j=1 cjfj(z)gj(z) = α(z), where fj ,

gj are each expressed in terms of a single hypergeometric function pFq or a single q-hypergeometric function

pϕq dependent on interrelated parameters; cj are constants which also depend on parameters but not on
the variable z, and α(z) is an explicit elementary function, like power times a Laurent polynomial or its
q-analogue. The term ”duality relations” originally refers to the situation when fj , gj are solutions of adjoint
homogeneous differential (or difference) equations, but we retain it for a more general situation.

The history of duality relations for hypergeometric series can be traced back to Euler and Gauss with
important contributions made by Bailey and Darling in the 1930s, see details in [13, Introduction]. More
recent developments include works by Nesterenko [17, Theorem 5] and Gorelov [9, Corollary 1], motivated by
number theory, by Feng, Kuznetsov and Yang [7], motivated by computation of fractional Laplacian and by
Beukers and Jouhet [3], derived by purely algebraic methods based on the theory of D-modules of differential
and difference equations.

Another line of research driven by computation of the coefficients of contiguous relations for 2F1 and 2ϕ1
functions is due to Ebisu [5] and Yamaguchi [20]. Their relations are more general than specializations to 2F1

(or 2ϕ1) of the relations due to Feng, Kuznetsov, Yang and those due to Beukers and Jouhet. In the paper
[13] Alexey Kuznetsov and the first author found an extension of the relation from [7] which included Ebisu’s

2F1 identity. In the subsequent paper [11] Kalmykov, Kuznetsov and the first author found a q-analogue that
included as a particular case Yamaguchi’s formula. The identities from [13, 11] did not include, however, the
Beukers-Jouhet duality relations from [3] neither for the ordinary nor for the basic hypergeometric functions.
The goal of this paper is to present identities that include all previously mentioned formulas as particular
cases.

To set the stage, let us introduce some notations. We will use the standard Pochhammer symbol (a)n =
Γ(a + n)/Γ(a) and the abbreviation (a)n to denote the product (a)n = (a1)n(a2)n · · · (ap)n, where n is an
integer and a = (a1, . . . , ap) is a p-tuple of real or complex numbers. If n = (n1, . . . , np) has the same size as
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a, then we set (a)n = (a1)n1(a2)n2 · · · (ap)np . The symbol a[k] will denote the p-tuple a with k-th component
omitted. The standard notation pFq (a;b; z) will be used for the generalized hypergeometric series,

pFq

(
a
b

∣∣∣∣ z) = pFq (a;b; z) =

∞∑
n=0

(a1)n(a2)n · · · (ap)n
(b1)n(b2)n · · · (bq)nn!

zn =

∞∑
n=0

(a)n
(b)nn!

zn.

The expression a+ α will be understood as the component-wise additon, where α is a scalar.

Let us now recall the Beukers-Jouhet formula from [3]. Define ϑ = z
d

dz
to be Euler’s operator. Set br = 1

and k, l = 0, 1, . . . , r − 1. Then the identity [3, Theorem 1.1] takes the form

r∑
i=1

1

(b[i] − bi)1
ϑkz1−birFr−1

(
1 + a− bi
1 + b[i] − bi

∣∣∣∣ z)ϑlzbi−1
rFr−1

(
bi − a

1− b[i] + bi

∣∣∣∣ z) :=Mkl ∈ H(z), (1)

where bi’s are assumed to be distinct modulo integers, andH is the field generated over Q by ai, bj . Moreover,
Mkl = 0 if k + l ⩽ r − 2 and Mkl = (−1)k/(1− z) if k + l = r − 1. The functions

z1−birFr−1

(
1 + a− bi
1 + b[i] − bi

∣∣∣∣ z) and zbi−1
rFr−1

(
bi − a

1− b[i] + bi

∣∣∣∣ z)
appearing in the above identity and related by ai → 1− ai, bi → 2− bi form the bases of solutions around
z = 0 of the standard and dual hypergeometric differential equations, see [3, (3.1)]. This explains the term
“duality relations”.

A natural generalization of (1) can be obtained by replacing the operator ϑ by the operator ϑ(α) =

z1−α
d

dz
zα dependent on a real parameter α, so that ϑ = ϑ(0), and further replacing ϑk by

ϑ(α) = ϑ(αk, . . . , α1) := ϑ(αk) · · ·ϑ(α1), (2)

and, similarly, for ϑ(β) = ϑ(βl, . . . , β1). Then the left hand side of (1) is replaced by

r∑
i=1

1

(b[i] − bi)1
ϑ(α)z1−birFr−1

(
1 + a− bi
1 + b[i] − bi

∣∣∣∣ z)ϑ(β)zbi−1
rFr−1

(
bi − a,

1− b[i] + bi

∣∣∣∣ z) . (3)

In Corollary 2.7 below we will present the closed-form of the above formula in terms of rational functions in
z. We will also remove the restriction k, l ≤ r− 1 imposed in [3]. This result is a corollary of a more general
new identity which also extends the relation from [13, Theorem 1], namely

r∑
i=1

(1− b+ ai)m−ni
z−ni

(ai − a[i])n[i]−ni+1
rFr−1

(
b− ai

1 + a[i] − ai

∣∣∣z)rFr−1

(
1− b+ ai +m− ni

1− a[i] + ai + n[i] − ni

∣∣∣z) = R(z), (4)

where m,n ∈ Zr and R(z) is a rational function of z given explicitly. The common extension of (3) and (4)
will be given in Theorem 2.1 in the subsequent section.

To discuss the q-case, let us recall some standard notations. Let q be a fixed complex parameter (the
‘base’) with 0 < |q| < 1. The q-shifted factorial is defined for any complex parameter a and a nonnegative
integer n by

(a; q)0 = 1, (a; q)n =

n−1∏
k=0

(1− aqk), (a; q)−n =

n∏
k=1

1

1− a/qk
=

1

(aq−n; q)n
=

(−1)nqn(n+1)/2

an(a−1q; q)n
, n ∈ N.

(5)
The condition |q| < 1 also guarantees that for any complex a the limit

(a; q)∞ = lim
n→∞

(a; q)n

exists as a finite number. Let a = (a1, . . . , ar) ∈ Cr. We will use the abbreviations

qa = (qa1 , · · · , qar ), (a; q)n = (a1; q)n(a2; q)n · · · (ar; q)n, (a; q)n = (a1; q)n1
(a2; q)n2

· · · (ar; q)nr
,
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where n = (n1, . . . , nr) ∈ Zr. Furthermore, for an integer r ≥ 2 and complex parameters a1, . . . , ar, b1, . . . , br−1,
the basic hypergeometric series is defined by

rϕr−1

(
a
b

; q, z

)
:=

∞∑
n=0

(a1; q)n · · · (ar; q)n zn

(b1; q)n · · · (br−1; q)n (q; q)n
=

∞∑
n=0

(a; q)nz
n

(b; q)n(q; q)n
.

Define br = 1, A =
∑r
i=1 ai and B =

∑r
i=1 bi and suppose k, l = 0, 1, . . . , r − 1. Slightly changing the

notation [3, Theorem 1.2] can be stated as follows:

r∑
i=1

q1−bi

(qb[i]−bi)1
rϕr−1

(
q1+a−bi

q1+b[i]−bi ; q, qkz

)
rϕr−1

(
qbi−a

q1+bi−b[i]
; q; qA−B+r−1+lz

)
=Mkl(q) ∈ Hq(z), (6)

where Hq is the field generated by q, qai , qbj over Q. Moreover, we have Mkl(q) = 0 if l ⩽ k ⩽ r− 1, except
when (k, l) = (r − 1, 0). In the latter case,

Mr−1,0(q) =
(−1)r+1qr

qB − qA+r−1z
.

In addition, we have

Mk,k+1(q) =
1

1− qkz
, k = 0, 1, . . . , r − 2.

In [11, Theorem 1] Kalmykov, Kuznetsov and the first author established a related identity of the form

r∑
i=1

qai(1−t)
(q1−b+ai ; q)m−ni

z−ni

(qai−a[i] ; q)n[i]−ni+1
rϕr−1

(
qb−ai

q1+a[i]−ai Wz

)
rϕr−1

(
q1−b+ai+m−ni

q1−a[i]+ai+n[i]−ni
z

)
= Rq(z), (7)

where a ∈ Cr satisfies ai − aj /∈ Z for 1 ≤ i < j ≤ r and the vector b ∈ Cr is arbitrary; W =
qt+r−1

∏r
i=1 q

ai−bi . The function Rq(z) is given explicitly in [11, (8)].
In Section 3 below we will present a duality relation that contains both (6) and (7) as particular cases. It

will be given in Theorem 3.4. For both differential and for q-cases we will also provide confluent versions of our
identities (i.e., relations for the functions rFs and rϕs with r ≤ s) and a number of explicit examples of the
right hand sides for small values of the components of n, m. Furthermore, our results entail several corollaries
providing explicit expressions for certain finite sums of terminating and non-terminating hypergeometric and
basic hypergeometric series at a fixed argument. Finally, let us remark that all formulas presented in this
paper have been verified numerically for particular values of parameters and should not contain typos or
inaccuracies.

2 The differential case

Using the straightforward differentiation formula

zβ+1 d

dz

[
zαpFq

(
a
b

∣∣∣∣ z)
]
= αzα+βp+1Fq+1

(
a, α+ 1
b, α

∣∣∣∣ z) (8)

we can rewrite generalized Beukers-Jouhet expression (3) as follows

r∑
i=1

(1− bi +α)1(bi − 1 + β)1
(b[i] − bi)1

r+kFr+k−1

(
1 + a− bi, 2− bi + α1, . . . , 2− bi + αk
1 + b[i] − bi, 1− bi + α1, . . . , 1− bi + αk

∣∣∣∣ z)
× r+lFr+l−1

(
bi − a, bi + β1, . . . , bi + βl

1− b[i] + bi, bi + β1 − 1, . . . , bi + βl − 1

∣∣∣∣ z) .
Note that while the written formula (8) requires that α ̸= 0,−1,−2, . . . it is in fact true for any α if we agree
that α(α + 1)k/(α)k = (α + k) also for α = −m, m = 0, 1, . . .. The above form of the generalized Beukers-
Jouhet expression provides a clue for simultaneous generalization of (3) and (4). The result is presented in
the following theorem.
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Theorem 2.1. Suppose that r ≥ 2, u, v ≥ 0 are integers, a,b ∈ Cr, α ∈ Cu, β ∈ Cv, and m,n ∈ Zr. Set

M =

r∑
i=1

mi, N =

r∑
i=1

ni, mmin = min
1≤i≤r

(mi), nmax = max
1≤i≤r

(ni), (9)

p = max{−1,M −N + u+ v − r + 1}. (10)

Assuming that the components of b are distinct modulo integers, the following identity holds:

r∑
i=1

(1 + a− bi)m−ni(1− bi +α− ni)1(bi − 1 + β)1
(b[i] − bi)n[i]−ni+1zni

× r+vFr+v−1

(
bi − a, bi + β

1− b[i] + bi, bi − 1 + β

∣∣∣∣ z)

× r+uFr+u−1

(
1 + a− bi +m− ni, 2− bi +α− ni

1 + b[i] − bi + n[i] − ni, 1− bi +α− ni

∣∣∣∣ z) = (1− z)−p−1

p−mmin∑
j=−nmax

λjz
j , (11)

where the coefficient λj is given by

λj =

j∑
ℓ=max(−nmax,j−p−1)

(
p+ 1

j − ℓ

)
(−1)j−ℓ+u

r∑
i=1

(bi + β − 1)1(bi −α− ℓ− 1)1

× (1 + a− bi)m+ℓ

(b[i] − bi)n[i]+ℓ+1(ℓ+ ni)!
F

(
−ℓ− ni, bi − a, 1− b[i] + bi − n[i] − ℓ− 1, bi + β, bi −α− ℓ
bi − a−m− ℓ, 1− b[i] + bi, bi + β − 1, bi −α− ℓ− 1

)
, (12)

with each term with ℓ+ ni < 0 vanishing by convention, j = −nmax, . . . , p−mmin.

In order to prove the above theorem, we will need the following

Lemma 2.2. For each k ∈ Z define the rational function

fk(z) :=
(z + a− k + 1)m+k(z +α+ 1)1(−z + β + k − 1)1

(z + b− k)n+k+1
. (13)

Then for z → ∞ the function fk(z) has the asymptotic expansion

fk(z) ∼
M+u+v−N−r∑

j=−∞
Cj(k)z

j , (14)

where C−1(k) is a polynomial in k of degree p, which is defined by (10) under the convention that a polynomial
of negative degree vanishes.

Proof. It is straightforward to see from (13) that C−1(k) = 0 if p < 0 and C−1(k) = (−1)v if p = 0. Assume
that p > 0. In view of (z)k = Γ(z + k)/Γ(z), we have

log[fk(z)] =

r∑
i=1

{log Γ(z + ai +mi + 1)− log Γ(z + ai − k+ 1)− log Γ(z + bi + ni + 1) + log Γ(z + bi − k)}

+

u∑
ℓ=1

log(z + αℓ + 1) +

v∑
ℓ=1

log(−z + βℓ + k − 1) (15)

Next, recall Hermite’s asymptotic expansion for log Γ(z + a) [16, (1.8)]

log Γ(z + a) ∼ (z + a− 1/2) log z − z +
1

2
log(2π) +

∞∑
j=2

(−1)jBj(a)
j(j − 1)zj−1

,

as |z| → ∞ in the domain | arg z| < π − δ, 0 < δ < π, where Bj(x) is the j-th Bernoulli polynomial [18,
24.2.3] generated by

text

et − 1
=

∞∑
j=0

Bj(x)
tj

j!
and given by Bj(x) =

j∑
l=0

(
j

l

)
Bj−lxl
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in terms of Bernoulli numbers Bj . The equality B0 = 1 implies that the leading coefficient of Bj(x) is 1.
Substituting Hermite’s expansion for each term in log[fk(z)] into (15) and using Taylor’s expansion of the
logarithm, we get

log[fk(z)] ∼ (M + u−N − r) log(z) + v log(−z) +
∞∑
j=1

Qj(k)

zj
, (16)

where

Qj(k) =
(−1)j+1

(j)2

r∑
i=1

[
Bj+1(bi − k)− Bj+1(ai − k + 1) + Bj+1(ai +mi + 1)− Bj+1(bi + ni + 1)

]
+ (−1)j+1

u∑
t=1

(αt + 1)j −
v∑
t=1

(βt + k − 1)j .

We see that Qj(k) is a polynomial in k of degree j (note that the leading coefficient of Bj+1(x) is 1, so that
the degree k + 1 terms cancel out). Exponentiating both sides of (16), we find (remember that p > 0 by
assumption)

fk(z) ∼ (−1)vzp−1e
∑

j≥1Qj(k)z
−j

. (17)

According to the well-known formula for an exponential of a power series (see [15, Lemma 1] and references
therein), we have

e
∑

j≥1Qj(k)z
−j

= 1 +

∞∑
s=1

qs(k)z
−s, (18)

where

qs(k) =

s∑
ℓ=1

1

ℓ!

∑
s1+···+sℓ=s

st≥1

ℓ∏
t=1

Qst(k).

The above expression shows that qs(k) is a polynomial in k of degree at most s. Combining (14), (17)
and (18), we conclude that C−1(k) = (−1)vqp(k), which is a polynomial in k of degree at most p.

Proof of Theorem 2.1. Using the Cauchy product expansion, we have

S(z) :=

r∑
i=1

{
(1 + a− bi)m−ni(1− bi +α− ni)1(bi − 1 + β)1z

−ni

(b[i] − bi)n[i]−ni+1

×r+uFr+u−1

(
1 + a− bi +m− ni, 2− bi +α− ni

1 + b[i] − bi + n[i] − ni, 1− bi +α− ni

∣∣∣∣ z)× r+vFr+v−1

(
bi − a, bi + β

1− b[i] + bi, bi − 1 + β

∣∣∣∣ z)}
=

r∑
i=1

(
(1 + a− bi)m−ni

z−ni

(b[i] − bi)n[i]−ni+1

∞∑
k=0

zk
k∑
j=0

(bi − a)j(bi + β + j − 1)1(1 + a− bi +m− ni)k−j(1− bi +α− ni + k − j)1
(1− b[i] + bi)j(1 + b[i] − bi + n[i] − ni)k−jj!(k − j)!


=

r∑
i=1

( ∞∑
k=0

zk−ni

k∑
j=0

(1 + a− bi)m−ni
(bi − a)j(bi + β + j − 1)1(1 + a− bi +m− ni)k−j(1− bi +α− ni + k − j)1

(b[i] − bi)n[i]−ni+1(1− b[i] + bi)j(1 + b[i] − bi + n[i] − ni)k−jj!(k − j)!


=

r∑
i=1

∞∑
k=0

zk−ni

k∑
j=0

γki,j =

r∑
i=1

∞∑
ki=−ni

zki
ki+ni∑
j=0

γki+ni
i,j , (19)

where

γki,j =
(1 + a− bi)m−ni(bi − a)j(bi + β + j − 1)1(1 + a− bi +m− ni)k−j(1− bi +α− ni + k − j)1

(b[i] − bi)n[i]−ni+1(1− b[i] + bi)j(1 + b[i] − bi + n[i] − ni)k−jj!(k − j)!
. (20)

5



Using the fact that (z)j = (−1)j(1− z − j)j , we have

(1 + a− bi)m−ni
(bi − a)j(1 + a− bi +m− ni)k−j = (−1)rj(1 + a− bi − j)m+k−ni

. (21)

Similarly, we deduce that

(b[i] − bi)n[i]−ni+1(1− b[i] + bi)j(1 + b[i] − bi + n[i] − ni)k−j = (−1)(r−1)j(b[i] − bi − j)n[i]+k−ni+1. (22)

By (20), (21), and (22), we have

γki,j =
(−1)j(1 + a− bi − j)m+k−ni

(bi + β + j − 1)1(1− bi +α− ni + k − j)1
(b[i] − bi − j)n[i]+k−ni+1j!(k − j)!

,

and

γk+ni
i,j =

(−1)j(1 + a− bi − j)m+k(bi + β + j − 1)1(1− bi +α+ k − j)1
(b[i] − bi − j)n[i]+k+1j!(k + ni − j)!

. (23)

Furthermore, we set γk+ni
i,j = 0 if k + ni < 0. Using this convention, we may write (19) as

S(z) =

∞∑
k=−nmax

zk
r∑
i=1

k+ni∑
j=0

γk+ni
i,j ,

where nmax is specified in (9). If −nmax ≥ −mmin, then k ≥ −mmin for each term in the above sum.
Otherwise, if −nmax < −mmin, then we may write

S(z) =

−mmin−1∑
k=−nmax

µkz
k + S1(z),

where

S1(z) =

∞∑
k=−mmin

µkz
k, µk =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j .

Thus, it suffices to show that S1(z) can be written as a rational function in the form z−mminPp(z)/(1−z)p+1,
where p is specified by (10), and Pp(z) is a polynomial of degree at most p with the convention that
P−1(z) ≡ 0. In order to achieve this, for each k ∈ Z we set

fk(z) =
(z + a− k + 1)m+k(z +α+ 1)1(−z + β + k − 1)1

(z + b− k)n+k+1
,

which is the same function (13) specified in Lemma 2.2. Note that fk(z) is well defined and rational for each
integer k. Moreover, for k ≥ −mmin all rising factorials in the product (z+a−k+1)m+k are polynomials in
z and all poles of the rational function fk(z) are points such that (z+ bi− k)k+ni+1 = 0 with k+ni+1 > 0,
i.e., the points z = −bi+k− j for j = 0, . . . , k+ni. Since the components of b are distinct modulo integers,
we see that all poles of fk(z) are simple. By a straightforward calculation, we have

res
z=−bi+k−j

fk(z) =
(−1)j(1 + a− bi − j)m+k(bi + β + j − 1)1(1− bi +α+ k − j)1

(b[i] − bi − j)n[i]+k+1j!(k + ni − j)!

= γk+ni
i,j .

Therefore, for all k ≥ −mmin we have

∑
over all poles of fk(z)

res fk(z) =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j ,

where only the terms with k+ni ≥ 0 are non-vanishing. Using the fact that the sum of residues of a rational
function at all finite points equals its residue at infinity, which is the coefficient at z−1 in the asymptotic
expansion

fk(z) ∼
M+u+v−N−r∑

j=−∞
Cj(k)z

j , z → ∞, (24)
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which is the same as (14) in Lemma 2.2, we have

r∑
i=1

k+ni∑
j=0

γk+ni
i,j = C−1(k).

By Lemma 2.2, we see that C−1(k) is a polynomial in k of degree at most p. Thus, we may write C−1(k) =∑p
ℓ=0 wℓk

ℓ. Then we have

S1(z) =

∞∑
k=−mmin

zk
r∑
i=1

k+ni∑
j=0

γk+ni
i,j =

∞∑
k=−mmin

zkC−1(k) (25)

=

∞∑
k=−mmin

zk
p∑
ℓ=0

wℓk
ℓ = z−mmin

p∑
ℓ=0

wℓ

∞∑
j=0

(j −mmin)
ℓzj .

It is straightforward to find that
∞∑
j=0

(j −mmin)
ℓzj =

P̄ℓ(z)

(1− z)ℓ+1
,

where P̄ℓ(z) is a polynomial in z of degree at most ℓ. Therefore, we have

S1(z) = z−mmin

p∑
ℓ=0

wℓ
P̄ℓ(z)

(1− z)ℓ+1
=:

z−mminPp(z)

(1− z)p+1
,

where Pp(z) is a polynomial in z of degree at most p. Hence, we conclude that

S(z) =

−mmin−1∑
k=−nmax

µkz
k + S1(z) (26)

=

−mmin−1∑
k=−nmax

µkz
k +

z−mminPp(z)

(1− z)p+1

= (1− z)−p−1

p−mmin∑
j=−nmax

λjz
j ,

where λj ∈ C are certain coefficients defined for j = −nmax, . . . , p −mmin. Explicit formula (12) for λj is
established in Proposition 2.4 below.

Remark 2.3. Define two polynomial families (i = 1, . . . , r):

G(i)
v (y) =

v∏
ℓ=1

(bi + βℓ − 1 + y), H(i)
u (y) =

u∏
ℓ=1

(1− bi − ni + αℓ + y).

Then identity (11) can be viewed as a polynomial perturbation of [13, Theorem 1] in the sense of [12].
Namely, using the notation

F

(
a
b

∣∣∣∣Pm ∣∣∣∣x) :=

∞∑
k=0

(a)k
(b)kk!

Pm(k)xk

for perturbation of F (a;b;x) by a polynomial Pm of degree m, the left hand side of (11) takes the form

r∑
i=1

(1 + a− bi)m−ni

(b[i] − bi)n[i]−ni+1zni
F

(
bi − a

1− b[i] + bi

∣∣∣∣G(i)
v

∣∣∣∣ z)F( 1 + a− bi +m− ni
1 + b[i] − bi + n[i] − ni

∣∣∣∣H(i)
u

∣∣∣∣ z) .
The original identity [13, (3)] is recovered by setting the degrees to be zero: u = v = 0.

An explicit expression (12) for the coefficients λk is established in the following proposition.

Proposition 2.4. The coefficient λj on the right-hand side of (11) is given by formula (12).
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Proof. Writing S(z) for the left hand side of (19), we get by collecting terms

S(z) =

∞∑
k=−nmax

zk
r∑
i=1

k+ni∑
j=0

γk+ni
i,j︸ ︷︷ ︸

=δk

=

∞∑
k=−nmax

δkz
k.

According to (23), we have the first equality below:

γk+ni
i,j =

(−1)j(1 + a− bi − j)m+k(bi + β + j − 1)1(1− bi +α+ k − j)1
(b[i] − bi − j)n[i]+k+1j!(k + ni − j)!

=
(1 + a− bi)m+k(bi − a)j(1− b[i] + bi − n[i] − k − 1)j(−k − ni)j

(bi − a−m− k)j(b[i] − bi)n[i]+k+1(1− b[i] + bi)j(k + ni)!j!

× (−1)u
(bi + β − 1)1(bi + β)j(bi −α− k − 1)1(bi −α− k)j

(bi + β − 1)j(bi −α− k − 1)j
.

The second equality above is obtained by an application of the following easily verifiable identities

(z − j)n =
(z)n(1− z)j
(1− z − n)j

and (m− j)! = (−1)j
m!

(−m)j
.

Hence,

δk = (−1)u
r∑
i=1

(bi + β − 1)1(bi −α− k − 1)1(1 + a− bi)m+k

(b[i] − bi)n[i]+k+1(k + ni)!

× F

(
−k − ni, bi − a, 1− b[i] + bi − n[i] − k − 1, bi + β, bi −α− k
bi − a−m− k, 1− b[i] + bi, bi + β − 1, bi −α− k − 1

)
. (27)

Multiplying both sides of (11) by (1− z)p+1 and expanding by the binomial theorem, we obtain

p+1∑
j=0

(
p+ 1

j

)
(−z)j

∞∑
k=−nmax

δkz
k =

p−mmin∑
k=−nmax

λkz
k.

Multiplying both sides by znmax , changing k + nmax → k and writing λ̂k = λk−nmax
, δ̂k = δk−nmax

, we get

p+1∑
j=0

(
p+ 1

j

)
(−1)jzj

∞∑
k=0

δ̂kz
k =

∞∑
s=0

zs
∑
j+k=s

(
p+ 1

j

)
(−1)j δ̂k =

p−mmin+nmax∑
k=0

λ̂kz
k.

In view of
(
p+1
j

)
= 0 for j > p+ 1, this implies that

λs−nmax = λ̂s =

min(s,p+1)∑
j=0

(
p+ 1

j

)
(−1)j δ̂s−j =

min(s,p+1)∑
j=0

(
p+ 1

j

)
(−1)jδs−j−nmax

for s = 0, . . . , p−mmin + nmax. Returning to k = s− nmax, we obtain by changing the index of summation
according to the rule j → k − j:

λk =

min(k+nmax,p+1)∑
j=0

(
p+ 1

j

)
(−1)jδk−j =

k∑
j=max(−nmax,k−p−1)

(
p+ 1

k − j

)
(−1)k−jδj

for k = −nmax, . . . , p − mmin. Substituting formula (27) for δj and renaming indices, we finally arrive at
(12).

Below we present two explicit examples of the right-hand side of (11) computed using (12) with r = 3 and
u = v = 1.
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Example 2.5. Set m = (1, 1, 2), n = (1, 2, 2), α = (1/2), and β = (1/3). Then the right-hand side of (11)
takes the form

(−b2 − 1/2) (b2 − 2/3)

(a1 − b2)(a2 − b2)(b3 − b2)z2
+

(−b3 − 1/2) (b3 − 2/3)

(a1 − b3)(a2 − b3)(b2 − b3)z2
.

Example 2.6. Set m = (2, 2, 2), n = (0, 2, 3), α = (1/5), and β = (1/7). Then the right-hand side of (11)
takes the form

1

(1− z)2z3

[
z2
(
(−b3 − 9/5) (b3 − 6/7) (b1 − b3 − 2)(b1 − b3 − 1)

(a1 − b3)(a2 − b3)(a3 − b3)

+
1

35
(−35a1 − 35a2 − 35a3 + 70b2 + 105b3 − 2)

− 2

35
(−35b1 + 35b2 + 70b3 + 68)

)
+ z

(
1

35
(−35b1 + 35b2 + 70b3 + 68)

−2 (−b3 − 9/5) (b3 − 6/7) (b1 − b3 − 2)(b1 − b3 − 1)

(a1 − b3)(a2 − b3)(a3 − b3)

)
+

(−b3 − 9/5) (b3 − 6/7) (b1 − b3 − 2)(b1 − b3 − 1)

(a1 − b3)(a2 − b3)(a3 − b3)

]
.

The Beukers-Jouhet identity [3, Theorem 1.1] is recovered from (11) by taking m,n,α and β to be the
zero vectors of the appropriate sizes. A generalization of Beukers-Jouhet identity hinted at in (3) can now
be written explicitly by setting m = n = 0 in Theorem 2.1.

Corollary 2.7. Suppose ϑ(α) is defined in (2), u, v ≥ 0 are integers, a,b ∈ Cr, the components of b are
distinct modulo integers, and α ∈ Cu, β ∈ Cv. Then

r∑
i=1

1

(b[i] − bi)1
ϑ(α)z1−birFr−1

(
1 + a− bi
1 + b[i] − bi

∣∣∣∣ z)ϑ(β)zbi−1
rFr−1

(
bi − a,

1− b[i] + bi

∣∣∣∣ z) = (1−z)−p−1

p∑
j=0

λjz
j ,

where p = max{−1, u+ v − r + 1}. Moreover, if p ≥ 0, we have

λj =

j∑
ℓ=0

(
p+ 1

j − ℓ

)
(−1)j−ℓ+u

r∑
i=1

(bi + β − 1)1(bi −α− ℓ− 1)1

× (1 + a− bi)ℓ
(b[i] − bi)ℓ+1ℓ!

F

(
−ℓ, bi − a, 1− b[i] + bi − ℓ− 1, bi + β, bi −α− ℓ
bi − a− ℓ, 1− b[i] + bi, bi + β − 1, bi −α− ℓ− 1

)
.

Define

ν =

=B︷ ︸︸ ︷∑r

k=1
bk −

=A︷ ︸︸ ︷∑r

k=1
ak +v − r + 1,

µ = B −A+N −M − u− 1.

(28)

The following result has not previously appeared even for particular cases of identity (3).

Corollary 2.8. Suppose that µ, ν > 0. Then

r∑
i=1

Γ(1 + a− bi +m− ni)(1− bi +α− ni)1
Γ(b[i] − bi + n[i] − ni + 1)

sin[π(bi − a)]

sin[π(b[i] − bi)]

× r+uFr+u−1

(
1 + a− bi +m− ni, 2− bi +α− ni

1 + b[i] − bi + n[i] − ni, 1− bi +α− ni

∣∣∣∣ 1) = 0. (29)

Remark 2.9. Formula (29) does not seem to reduce to known multi-term identities for non-terminating
hypergeometric series evaluated at unity, see [6, (5.1),(5.3)].

Proof. We will use the following asymptotic relation

lim
z→1

(1− z)ψrFr−1

(
c
d

∣∣∣∣ z) =
Γ(d)Γ(ψ)

Γ(c)
, (30)
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which is valid when ψ =
∑r
j=1 cj −

∑r−1
j=1 dj > 0. Note that the parametric excess (sum of the bottom

parameters minus sum of the top parameters) of the first hypergeometric factor in (11) is precisely −ν,
which is defined by (28), while the second factor is µ. By assumption, we have µ, ν > 0 and ν − p− 1 ≥ 0,
where p is defined in (9). Multiplying (11) by (1 − z)ν and taking the limit z → 1 in view of (30) (with
ψ = ν > 0), we arrive at (29).

Next, we turn our attention to the confluent case of Theorem 2.1 for the hypergeometric function pFq
with 0 ≤ p ≤ q, p ≥ 0. Denote by ⌊x⌋ the floor function, whose value is defined to be the greatest integer
less than or equal to the real number x.

Theorem 2.10. Suppose that 0 ≤ s ≤ r − 1, r ≥ 2, u, v ≥ 0 are integers, a ∈ Cs, b ∈ Cr has components
distinct modulo integers, m ∈ Zs, n ∈ Zr, and α ∈ Cu, β ∈ Cv. Set

M =

s∑
i=1

mi, N =

r∑
i=1

ni, mmin = min
1≤i≤s

(mi), nmax = max
1≤i≤r

(ni), (31)

which is the same as (9) up to the new size of m, and let

p′ = ⌊(M + u+ v −N − r + 1)/(r − s)⌋ . (32)

Then the following identity holds:

r∑
i=1

(1 + a− bi)m−ni(1− bi +α− ni)1(bi − 1 + β)1
(b[i] − bi)n[i]−ni+1zni

× s+vFr+v−1

(
bi − a, bi + β

1− b[i] + bi, bi − 1 + β

∣∣∣∣ (−1)r−sz

)

× s+uFr+u−1

(
1 + a− bi +m− ni, 2− bi +α− ni

1 + b[i] − bi + n[i] − ni, 1− bi +α− ni

∣∣∣∣ z) =

max(−mmin−1,p′)∑
k=−nmax

δkz
k, (33)

where δk ∈ C is given by

δk = (−1)u
r∑
i=1

(bi + β − 1)1(bi −α− k − 1)1(1 + a− bi)m+k

(b[i] − bi)n[i]+k+1(k + ni)!

× F

(
−k − ni, bi − a, 1− b[i] + bi − n[i] − k − 1, bi + β, bi −α− k
bi − a−m− k, 1− b[i] + bi, bi + β − 1, bi −α− k − 1

)
for k = −nmax, . . . ,max(−mmin − 1, p′).

Proof. Follow the proof of Theorem 2.1 up to formula (21) which now will have the same form except
for (−1)rj being replaced by (−1)sj . Nevertheless, the presence of (−1)r−s in the argument of the first
hypergeometric factor in (33) leads to the same expression for γk+ni

i,j as presented in (23). Next, formula
(24) is replaced by

fk(z) =

M+u+v−N−r−(r−s)k∑
j=−∞

Cj(k)z
j as z → ∞.

This implies that C−1(k) = 0 ifM+u+v−N−r−(r−s)k < −1, i.e., when (r−s)k > M+u+v−N−r+1.
Let p′ = ⌊(M + u+ v −N − r + 1)/(r − s)⌋. Then by the above argument and (25), we have

S1(z) =

∞∑
k=−mmin

C−1(k)z
k =

p′∑
k=−mmin

C−1(k)z
k.

Note that if p′ < −mmin, then S1(z) = 0. Therefore, instead of the calculation in (26) from the proof of
Theorem 2.1, here we get

S(z) =

−mmin−1∑
k=−nmax

µkz
k + S1(z) :=

max(−mmin−1,p′)∑
k=−nmax

δkz
k.

The numbers δk were computed in (27).
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As δk = 0 for k > max(−mmin − 1, p′), in view of (27) we immediately obtain

Corollary 2.11. Under conditions of Theorem 2.10, for each k > max(−mmin − 1, p′) we have

r∑
i=1

(bi + β − 1)1(bi −α− k − 1)1(1 + a− bi)m+k

(b[i] − bi)n[i]+k+1(k + ni)!

× F

(
−k − ni, bi − a, 1− b[i] + bi − n[i] − k − 1, bi + β, bi −α− k
bi − a−m− k, 1− b[i] + bi, bi + β − 1, bi −α− k − 1

)
= 0.

Below we give two examples of the right-hand side of formula (33) for the choice s = 1 and r = 3, u = v = 1.

Example 2.12. Set m = (1), n = (0, 1, 1), α = (1/3), and β = (1/5). Then the right-hand side of (33)
takes the form (15b2 + 15b3 − 17)/(15z).

Example 2.13. Set m = (2), n = (3, 3, 3), α = (1/7), and β = (1/11). Then the right-hand side of (33)
takes the form

77a21 + 73a1 − 130

77(a1 − b1)(a1 − b2)(b3 − a1)z3
.

3 The basic case

The q-gamma function (see [8, (1.10.1)] and [10, 21.16]) is defined by

Γq(z) = (1− q)1−z
(q; q)∞
(qz; q)∞

for |q| < 1 and each complex z such that qz+n ̸= 1 for all n ∈ N ∪ {0}. Comparing this definition with (5),
we get

Γq(z + k)

Γq(z)
=

(qz; q)k
(1− q)k

(34)

for any integer k. We will also need the standard q-binomial coefficients defined by[
n
j

]
q

=
(q; q)n

(q; q)j(q; q)n−j
=

(qn−j+1; q)j
(q; q)j

, (35)

see, for example, [8, p. 24] or [10, Chapter 7]. For any real number x, we set (x)+ = max(0, x). We will
retain the notation mmin = min1≤i≤r(mi), nmin = min1≤i≤r(ni), M =

∑r
i=1mi, N =

∑r
i=1 ni introduced

previously in (9), (10). In this section we change slightly the definition of p from (9) as follows:

p = max(−1,M −N + v − r − t+ 1), (36)

where t is an additional integer parameter.
The following lemma was established in the course of the proof of [11, Lemma 1].

Lemma 3.1. Consider the function

gk(z; γ, η) =
(ηz; q)k
(γz; q)k

, (37)

where k ∈ Z and γ, η ∈ C. Then

(i) For sufficiently large z we have

gk(z; γ, η) = (η/γ)k
∑
ℓ≥0

z−ℓSℓ(q
−k),

where Sℓ(w) is a polynomial of degree ℓ whose coefficients do not depend on k.

(ii) For sufficiently small z we have

gk(z; γ, η) =
∑
ℓ≥0

zℓTℓ(q
k),

where Tℓ(w) is a polynomial of degree ℓ whose coefficients do not depend on k.
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Remark 3.2. The proof of [11, Lemma 1] is written for k ≥ 1, but careful examination shows that essentially
the same proof works for negative k. The trivial case k = 0 is also included since Sℓ(1) = Tℓ(1) = 0 for
ℓ ≥ 1.

Corollary 3.3. Suppose a,b ∈ Cr, m,n ∈ Zr, t ∈ Z, α ∈ Cu and β ∈ Cv. Consider the function

Fk(z) = −z−t (zq
1−b; q)k+m(zq1+β+k; q)1(z

−1qα−1; q)1
(zq−a; q)k+n+1

, (38)

where k ∈ Z. Then

(i) For sufficiently large z we have

Fk(z) = (qvB)kzM+v−N−r−t
∑
ℓ≥0

Qℓ(q
−k)z−ℓ, (39)

where B =
∏r
i=1 q

ai−bi+mi−ni and for each ℓ ≥ 0 the function Qℓ(w) is a polynomial of degree ℓ whose
coefficients do not depend on k.

(ii) For sufficiently small z we have

Fk(z) = z−u−t
∑
ℓ≥0

Pℓ(q
k)zℓ, (40)

where for each ℓ ≥ 0 the function Pℓ(w) is a polynomial of degree ℓ whose coefficients do not depend
on k.

Proof. Set

f̃k(z) = − (zq1−b; q)k+m(zq1+β+k; q)1(z
−1qα−1; q)1

(zq−a; q)k+n+1
.

Then
Fk(z) = z−tf̃k(z). (41)

In terms of gk defined in (37) we can write

f̃k(z) = R(z) ·
r∏
i=1

gk(z; q
−ai+ni+1, q−bi+mi+1)

v∏
j=1

gk(z; q
1+βj , q2+βj ), (42)

where

R(z) = − (zq1−b; q)m(zq1+β; q)1(z
−1qα−1; q)1

(zq−a; q)n+1
.

Note that the above factorization is true for all integer k, which can be verified using (5). From this expression
we conclude that the function R has the series expansion (for all sufficiently large z)

R(z) = zM+v−N−r
∑
ℓ≥0

cℓz
−ℓ, (43)

where cℓ ∈ C is certain coefficient independent of k, c0 ̸= 0. Using item (i) of Lemma 3.1, we find that for
large z

r∏
i=1

gk(z; q
−ai+ni+1, q−bi+mi+1) = Bk

∑
ℓ≥0

z−ℓQ̃ℓ(q
−k), (44)

where B =
∏r
i=1 q

ai−bi+mi−ni and Q̃ℓ are certain polynomials of degree ℓ. Similarly,

v∏
j=1

gk(z; q
1+βj , q2+βj ) = qvk

∑
ℓ≥0

z−ℓQ̂ℓ(q
−k).

Combining (41), (42), (43), and (44), we arrive at the desired result (39).
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For small z, it is clear that R has the series expansion

R(z) = z−u
∑
ℓ≥0

c̃ℓz
ℓ (45)

for some coefficients c̃ℓ ∈ C. Using item (ii) of Lemma 3.1, we have (for all z small enough)

r∏
i=1

gk(z; q
−ai+ni+1, q−bi+mi+1) =

∑
ℓ≥0

zℓP̄ℓ(q
k), (46a)

and
v∏
j=1

gk(z; q
1+βj , q2+βj ) =

∑
ℓ≥0

zℓP̂ℓ(q
k) (46b)

where each function P̄ℓ and P̂ℓ is a polynomial of degree ℓ. Combining (41), (42), (45), and (46), we arrive
at the desired expansion (40).

Our main result is the following

Theorem 3.4. Suppose that r ≥ 2, u, v ≥ 0 are integers, q with 0 < |q| < 1 is a complex number, the vector
a ∈ Cr satisfies ai − aj ̸∈ Z for 1 ≤ i < j ≤ r, the vectors b ∈ Cr, and α ∈ Cu, β ∈ Cv are arbitrary.
Assume further that m,n ∈ Zr and t ∈ Z. Let W = qt+r−1

∏r
i=1 q

ai−bi , p be defined by (36) and mmin,
nmax retain their meaning from (9). Then the following identity holds

r∑
i=1

qai(1−t)
(q1−b+ai ; q)m−ni

(q−ai−1+α; q)1(q
1+ai+β−ni ; q)1z

−ni

(qai−a[i] ; q)n[i]−ni+1
r+uϕr+u−1

(
qb−ai , q−ai+α

q1+a[i]−ai , q−ai−1+α

∣∣∣∣Wz

)

× r+vϕr+v−1

(
q1−b+ai+m−ni , q2+ai+β−ni

q1−a[i]+ai+n[i]−ni , q1+ai+β−ni

∣∣∣∣ z) =
1

(Wz; q)p+1(z; q)(u+t)+

p+(u+t)+−mmin∑
k=−nmax

λkz
k, (47)

where the number λk is given by

λk =

k∑
j=max(−nmax,k−p−(u+t)+−1)

(−1)k−j

×
∑

g+h=k−j

[
p+ 1
h

]
q

[
(u+ t)+

g

]
q

q(h(h−1)+g(g−1))/2Wh

×
{ r∑
i=1

qai(1−t)(q1+ai+β+j ; q)1(q
α−ai−1; q)1(q

1−b+ai ; q)m+j

(q; q)j+ni
(qai−a[i] ; q)n[i]+j+1

2r+u+vϕ2r+u+v−1

(
q−j−ni , qb−ai , qa[i]−ai−n[i]−j , q−ai−β−j , qα−ai

qb−ai−m−j , q1−ai+a[i] , q−1−ai−β−j , qα−ai−1

∣∣∣∣ qN−M+r−v+t−1

)}
. (48)

Proof of Theorem 3.4. By the Cauchy product, we have

S(z) :=

r∑
i=1

qai(1−t)
(q1−b+ai ; q)m−ni

(q−ai−1+α; q)1(q
1+ai+β−ni ; q)1z

−ni

(qai−a[i] ; q)n[i]−ni+1

× r+uϕr+u−1

(
qb−ai , q−ai+α

q1+a[i]−ai , q−ai−1+α

∣∣∣∣Wz

)
× r+vϕr+v−1

(
q1−b+ai+m−ni , q2+ai+β−ni

q1−a[i]+ai+n[i]−ni , q1+ai+β−ni

∣∣∣∣ z)
=

r∑
i=1

∞∑
k=0

zk−ni

×
k∑
j=0

(q1−b+ai ; q)m−ni
(qb−ai ; q)j(q

1−b+ai+m−ni ; q)k−j(q
−ai+α+j−1; q)1(q

1+ai+β−ni+k−j ; q)1W
j

qai(t−1)(qai−a[i] ; q)n[i]−ni+1(q
1+a[i]−ai ; q)j(q

1−a[i]+ai+n[i]−ni ; q)k−j(q; q)j(q; q)k−j

=

r∑
i=1

∞∑
k=0

zk−ni

k∑
j=0

γki,j =

r∑
i=1

∞∑
ki=−ni

zki
ki+ni∑
j=0

γki+ni
i,j , (49)
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where

γki,j =
qai(1−t)(q1−b+ai ; q)m−ni

(qb−ai ; q)j(q
1−b+ai+m−ni ; q)k−j(q

−ai+α+j−1; q)1(q
1+ai+β−ni+k−j ; q)1W

j

(qai−a[i] ; q)n[i]−ni+1(q
1+a[i]−ai ; q)j(q

1−a[i]+ai+n[i]−ni ; q)k−j(q; q)j(q; q)k−j
.

(50)
Using (34) and

(qa; q)n = (−1)nqan+n(n−1)/2(q1−a−n; q)n (51)

we can simplify the q-Pochhammer symbols in the denominator on the right-hand side of (50) as follows:

(qai−aℓ ; q)nℓ−ni+1(q
1+aℓ−ai ; q)j(q

1−aℓ+ai+nℓ−ni ; q)k−j

= (q1+aℓ−ai ; q)j(1− q)nℓ−ni+1+k−j Γq(ai − aℓ + nℓ − ni + 1)

Γq(ai − aℓ)

Γq(1− aℓ + ai + nℓ − ni + k − j)

Γq(1− aℓ + ai + nℓ − ni)

= (q1+aℓ−ai ; q)j(q
ai−aℓ ; q)nℓ−ni+1+k−j

= (−1)jq(1+aℓ−ai)j+j(j−1)/2(q−aℓ+ai−j ; q)j(q
ai−aℓ ; q)nℓ−ni+1+k−j

= (−1)jq(1+aℓ−ai)j+j(j−1)/2(qai−aℓ−j ; q)nℓ−ni+1+k. (52)

Using (52) and doing a similar calculation for the numerator in (50), we get

γki,j =
(−1)jqj(j−1)/2+ai(1−t)+tj(q1−b+ai−j ; q)m+k−ni

(q−ai+α+j−1; q)1(q
1+ai+β−ni+k−j ; q)1

(qai−a[i]−j ; q)n[i]+k−ni+1(q; q)j(q; q)k−j
,

which is equivalent to

γk+ni
i,j =

(−1)jqj(j−1)/2+ai(1−t)+tj(q1−b+ai−j ; q)m+k(q
−ai+α+j−1; q)1(q

1+ai+β+k−j ; q)1
(qai−a[i]−j ; q)n[i]+k+1(q; q)j(q; q)k+ni−j

. (53)

Moreover, we set γk+ni
i,j = 0 if k + ni < 0. In view of this convention, we can write (49) as

S(z) =

∞∑
k=−nmax

zk
r∑
i=1

k+ni∑
j=0

γk+ni
i,j =

∞∑
k=−nmax

µkz
k, (54)

where the last equality is the definition of µk. Whenever −nmax ≥ −mmin, we have k ≥ −mmin in the above
sum. Otherwise, when −nmax < −mmin, we can write

S(z) =

−mmin−1∑
k=−nmax

µkz
k + S1(z), (55)

where

S1(z) =

∞∑
k=−mmin

µkz
k, µk =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j .

To show that S1(z) is a rational function of z, for each k ∈ Z we define the function

f̃k(z) = − (zq1−b; q)k+m(zq1+β+k; q)1(z
−1qα−1; q)1

(zq−a; q)k+n+1
and Fk(z) = z−tf̃k(z). (56)

Clearly, f̃k(z) is a rational function of z for each k ∈ Z. Moreover, for k ≥ −mmin all terms in the numerator
except for (z−1qα−1; q)1 are polynomial in z so that all nonzero poles of f̃k come from the zeros of the
denominator as the only singularity of (z−1qα−1; q)1 is a multiple pole at z = 0. When k + ni + 1 > 0 for
each i = 1, . . . , r, the nonzero poles of f̃k(z) are points z such that (zq−a; q)k+n+1 = 0, i.e.,

z = qai−j , i = 1, . . . , r, and j = 0, . . . , k + ni.

Note that the terms with k + ni < 0 do not contribute to the sum of residues. Since ai − aj ̸∈ Z for

1 ≤ i < j ≤ r, we see that all these poles are simple. Therefore, the finite poles of Fk include all poles of f̃k
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and the pole at z = 0 of order t+ u if t+ u > 0. After a straightforward calculation, we get in view of (53)
that

res
z=qai−j

Fk(z) =
(−1)jqj(j−1)/2+ai(1−t)+tj(q1−b+ai−j ; q)m+k(q

−ai+α+j−1; q)1(q
1+ai+β+k−j ; q)1

(qai−a[i]−j ; q)n[i]+k+1(q; q)j(q; q)k+ni−j
= γk+ni

i,j .

Hence, for each k ≥ −mmin we have

∑
over all finite nonzero poles of Fk(z)

resFk(z) =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j ,

where only the terms with k + ni ≥ 0 are non-vanishing. Next, we utilize the fact that the sum of residues
of a rational function at all finite points equals its residue at infinity, which is the coefficient at z−1 in the
asymptotic expansion

Fk(z) ∼
M+v−N−r−t∑

j=−∞
Cj(k)z

j as z → ∞.

Therefore, we have
r∑
i=1

k+ni∑
j=0

γk+ni
i,j = C−1(k)− res

z=0
Fk(z). (57)

Corollary 3.3 implies that the coefficient C−1(k) at z−1 equals 0 if M + v − N − r − t < −1, and equals
(qvB)kQp(q

−k) if M + v − N − r − t = p − 1 with p ∈ N0, where Qp(y) =
∑p
i=0 ap,iy

i is a polynomial of

degree p in y. Similarly, the residue of Fk(z) at z = 0 is equal to 0 if u+ t ≤ 0, and is equal to Q̃u+t−1(q
k) if

u+ t ≥ 1, where Q̃u+t−1(y) =
∑u+t−1
i=0 bu+t−1,iy

i is a polynomial of degree u+ t− 1 in y. Furthermore, we

extend the definitions of Qp and Q̃u+t−1 to negative degrees by Q−ℓ(y) = Q̃−ℓ(y) ≡ 0 for each ℓ = 1, 2, . . ..
Set

kmin = min(nmax,mmin).

In view of (49), the target sum (55) equals (the first sum vanishes if −nmax ≥ −mmin)

S(z) =

−mmin−1∑
k=−nmax

µkz
k +

∞∑
k=−kmin

zk
r∑
i=1

k+ni∑
j=0

γk+ni
i,j

=

−mmin−1∑
k=−nmax

µkz
k +

∞∑
k=−kmin

zk
[
C−1(k)− res

z=0
Fk(z)

]

=

−mmin−1∑
k=−nmax

µkz
k +

∞∑
k=−kmin

zk
[
(qvB)kQp(q

−k)− Q̃u+t−1(q
k)
]

=

−mmin−1∑
k=−nmax

µkz
k +

∞∑
k=−kmin

(qvBz)k
[
ap,0 + ap,1q

−k + · · ·+ ap,pq
−pk]

−
∞∑

k=−kmin

zk
[
bu+t−1,0 + bu+t−1,1q

k + · · ·+ bu+t−1,u+t−1q
k(u+t−1)

]

=

−mmin−1∑
k=−nmax

µkz
k + z−kmin

[
ap,0(q

vB)−kmin

1− qvBz
+
ap,1(q

vB)−kminqkmin

1− qv−1Bz
+ · · ·+ ap,p(q

vB)−kminqpkmin

1− qv−pBz

−bu+t−1,0

1− z
− bu+t−1,1q

−kmin

1− qz
− · · · − bu+t−1,u+t−1q

−kmin(u+t−1)

1− qu+t−1z

]
.

Note that the common denominator on the right-hand side of the above identity equals (Wz; q)p+1(z; q)(u+t)+
and thus we get (47).
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Next, we deduce an explicit formula for the coefficient λk in (47). We first recall the following two
well-known identities

(q; q)k−j =
(−1)jqj(j−1)/2−kj(q; q)k

(q−k; q)j
,

(qs−j ; q)m =
(qs; q)m(q1−s; q)j
qmj(q1−s−m; q)j

. (58)

Applying the above two identities to (53), we get

γk+ni
i,j =

(q−k−ni ; q)j(q
b−ai ; q)j(q

a[i]−ai−n[i]−k; q)j(q
1−b+ai ; q)m+k

(q; q)k+ni(q
ai−a[i] ; q)n[i]+k+1(qb−ai−m−k; q)j(q

1−ai+a[i] ; q)j(q; q)j

× qai(1−t)q(N−M+r−1+t−v)j(q−ai+α; q)j(q
−ai+α−1; q)1(q

−ai−β−k; q)j(q
1+ai+β+k; q)1

(q−1−ai−β−k; q)j(q−ai+α−1; q)j
.

Thus, from (54) we have S(z) =
∑∞
k=−nmax

µkz
k with

µk =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j

=

r∑
i=1

qai(1−t)(q1+ai+β+k; q)1(q
−ai+α−1; q)1(q

1−b+ai ; q)m+k

(q; q)k+ni(q
ai−a[i] ; q)n[i]+k+1

× 2r+u+vϕ2r+u+v−1

(
q−k−ni , qb−ai , qa[i]−ai−n[i]−k, q−ai−β−k, q−ai+α

qb−ai−m−k, q1−ai+a[i] , q−1−ai−β−k, q−ai+α−1

∣∣∣∣ qN−M+r−1+t−v
)
, (59)

where each term with k + ni < 0 vanishes by convention. Next, we need the Gauss expansion

(a; q)n =

n∑
j=0

[
n
j

]
q

qj(j−1)/2(−a)j ,

where

[
n
j

]
q

is the q-binomial coefficient given in (35). This leads to

(Wz; q)p+1(z; q)(u+t)+ :=

p+1+(u+t)+∑
j=0

Dj(−z)j ,

where

Dj =
∑
i+ℓ=j

[
p+ 1
ℓ

]
q

[
(u+ t)+

i

]
q

q(ℓ(ℓ−1)+i(i−1))/2W ℓ.

Note that for u+ t ≤ 0 we have

Dj =

[
p+ 1
j

]
q

qj(j−1)/2W j .

Multiplying both sides of (47) by (Wz; q)p+1(z; q)(u+t)+ and applying the aforementioned expansion, we get

p+1+(u+t)+∑
j=0

Dj(−z)j
∞∑

k=−nmax

µkz
k =

p+(u+t)+−mmin∑
k=−nmax

λkz
k.

Multiplying both sides by znmax , changing k+nmax → k and writing µ̂k = µk−nmax , λ̂k = λk−nmax , we obtain

p+1+(u+t)+∑
j=0

Dj(−z)j
∞∑
k=0

µ̂kz
k =

∞∑
s=0

zs
∑
j+k=s

Dj(−1)j µ̂k =

p+(u+t)+−mmin+nmax∑
s=0

λ̂sz
s.
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On account of Dj = 0 for j > p+ (u+ t)+ + 1, it implies that

λs−nmax = λ̂s =

min(s,p+(u+t)++1)∑
j=0

Dj(−1)j µ̂s−j =

min(s,p+(u+t)++1)∑
j=0

Dj(−1)jµs−j−nmax

for s = 0, . . . , p+ (u+ t)+ −mmin + nmax. Set k = s− nmax. Then

λk =

min(k+nmax,p+(u+t)++1)∑
j=0

(−1)jDjµk−j =

k∑
j=max(−nmax,k−p−(u+t)+−1)

(−1)k−jDk−jµj

for k = −nmax, . . . , p+(u+ t)+−mmin. Substituting the formula (59) for µk in the above identity, we finally
arrive at the explicit formula (48) for λk.

Remark 3.5. The identity established in [11, Theorem 1] is recovered from (47) by setting u = v = 0.

Remark 3.6. The q-identity of Beukers-Jouhet [3, Theorem 1.2] is derived from (47) by taking m, n, u,
and v to be zero vectors of appropriate sizes and setting z = qkz̄ and t = ℓ− k for some k, ℓ ∈ N.

Below we present an example of the right-hand side of (47) with r = 3, u = v = 1.

Example 3.7. Set m = (1, 1, 2),n = (1, 2, 2),a = (1, 1/2, 1/3),b = (2, 3, 4),α = (1/2), and β = (1/3).
Then the right-hand side of (47) takes the form

1

z2(1− z)

[(
−
(
1− q−13/12

)
q1/3

(
1− q−7/15

)(
1− q8/3

) (
1− q5/3

) (
1− q−1/6

) − (
1− q−5/4

) (
1− q−3/10

)
q1/2(

1− q−5/2
) (

1− q−3/2
) (

1− q1/6
) − q−3/4

)
z

+

(
1− q−13/12

)
q1/3

(
1− q−7/15

)(
1− q8/3

) (
1− q5/3

) (
1− q−1/6

) + (
1− q−5/4

) (
1− q−3/10

)
q1/2(

1− q−5/2
) (

1− q−3/2
) (

1− q1/6
)] .

The following corollary is established by employing the same argument as that appears in the proof of
[11, Proposition 1].

Corollary 3.8. Suppose conditions of Theorem 3.4 are satisfied and |W | < 1. Then

r∑
i=1

qai(1−t)
(q1−b+ai ; q)∞(q−ai−1+α; q)1

(qai−a[i] ; q)∞
r+uϕr+u−1

(
qb−ai , q−ai+α

q1+a[i]−ai , q−ai−1+α

∣∣∣∣W)

=
(qu+t; q)∞
(W ; q)p+1

p+(u+t)+−mmin∑
k=−nmax

λk,

where λk is specified by (48). Note that (qu+t; q)∞ = 0 if u + t ≤ 0, so that the right-hand side vanishes
under this condition.

Our next goal is to deduce an identity for terminating q-series. Denote

A =
∑

aj , B =
∑

bj , M2 =
∑

m2
i , N2 =

∑
n2i , α =

∑
αj , β =

∑
βj (60)

We will need an alternative asymptotic formula for f̃k(z) defined in (56). In view of

(a; q)n = (−a)nq(
n
2)
(
q1−n

a
; q

)
n

,

we have by repeating mutatis mutandis the calculation from [11, p.404]

f̃k(z) = − (zq1−b; q)k+m(zq1+β+k; q)1(z
−1qα−1; q)1

(zq−a; q)k+n+1

= (−1)M−N−r+v+1qk(A−B+M−N+v)qA+(a,n)−(b,m)+(M2−N2+M−N)/2+v+β

× zM−N−r+v ×
(
z−1qb−k−m; q

)
k+m

(z−1qα−1; q)1(z
−1q−β−k−1; q)1

(z−1qa−k−n; q)k+n+1︸ ︷︷ ︸
f̂k(z)

.
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Then, by the standard Taylor series log(1− x) = −
∑
s≥1 x

s/s, we compute

log f̂k(z) =

r∑
i=1

[
k+mi−1∑
j=0

log(1− z−1qbi−mi−k+j)−
k+ni∑
j=0

log(1− z−1qai−ni−k+j)

]

+

u∑
ℓ=1

log(1− z−1qαℓ−1) +

v∑
ℓ=1

log(1− z−1q−βℓ−k−1)

=

r∑
i=1

[
k+ni∑
j=0

∑
s≥1

1

s
z−sq(ai−ni−k+j)s −

k+mi−1∑
j=0

∑
s≥1

1

s
z−sq(bi−mi−k+j)s

]

−
u∑
ℓ=1

∑
s≥1

z−s

s
qs(αℓ−1) −

v∑
ℓ=1

∑
s≥1

z−s

s
q−s(βℓ+k+1) =

∑
s≥1

z−sQs,

where

Qs = Qs(a,b,m,n,α,β) =
1

s

r∑
i=1

[
k+ni∑
j=0

q(ai−ni−k+j)s −
k+mi−1∑
j=0

q(bi−mi−k+j)s

]

− 1

s

u∑
ℓ=1

qs(αℓ−1) − 1

s

v∑
ℓ=1

q−s(βℓ+k+1). (61a)

Then

f̂k(z) =

∞∑
s=0

q̂s
zs

with

q̂0 = 1, q̂s =
1

s

s∑
t=1

tQtq̂s−t. (61b)

Hence,

Fk(z) = (−1)M−N−r+vqk(A−B+M−N+v)qA+a·n−b·m+(M2−N2+M−N)/2+v+βzM−N−r+v−t
∞∑
s=0

q̂s
zs
,

where a · n = a1n1 + · · ·+ arnr. This implies that the coefficient C−1(k) in the expansion (for large z)

Fk(z) =

M−N−r+v−t∑
j=−∞

Cj(k)z
j .

is equal to zero if M −N − r + v − t < −1 and given by

C−1(k) = (−1)M−N−r+vqk(A−B+M−N+v)qA+a·n−b·m+(M2−N2+M−N)/2+v+β q̂p

if p =M −N − r+ v − t+ 1 ≥ 0, and C−1(k) = 0 if p =M −N − r+ v − t+ 1 < 0. Hence, defining q̂s = 0
for s < 0 and using our previous definition p = max(−1,M −N − r+ v − t+ 1) we get consistent definition
of q̂p for all values of parameters.

In a similar fashion, when z is small enough, we use the notation from (60) to get

f̃k(z) = (−1)u+1z−uqα−u
(zq1−b; q)k+m(zq1+β+k; q)1(zq

1−α; q)1
(zq−a; q)k+n+1︸ ︷︷ ︸

f̄k(z)

,

so that

log(f̄k(z)) =

r∑
i=1

[
k+mi−1∑
j=0

log(1− zq1−bi+j)−
k+ni∑
j=0

log(1− zq−ai+j)

]

+

u∑
ℓ=1

log(1− zq1−αℓ) +

v∑
ℓ=1

log(1− zq1+βℓ+k) =

∞∑
s=1

Psz
s,
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where

sPs = sPs(a,b,m,n,α,β) =

r∑
i=1

[
k+ni∑
j=0

q(−ai+j)s−
k+mi−1∑
j=0

q(1−bi+j)s

]
−

u∑
ℓ=1

q(1−αℓ)s−
v∑
ℓ=1

q(1+βℓ+k)s. (62a)

Hence,

Fk(z) = z−tf̃k(z) = (−1)u+1qα−uz−u−telog(f̄k(z)) = (−1)u+1qα−uz−u−t
∞∑
s=0

psz
s

with

p0 = 1, ps =
1

s

s∑
t=1

tPtps−t. (62b)

This yields for the coefficient at z−1

res
z=0

Fk(z) = (−1)u+1qα−upu+t−1

provided that u + t ≥ 1. Otherwise, the residue is equal to zero. So, we set by definition ps = 0 for s < 0.
On the other hand, it follows from (57) and (54) that for k ≥ −mmin

C−1(k)− res
z=0

Fk(z) =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j = µk.

Substituting here the values of µk from (59), we arrive at

Corollary 3.9. Suppose that k ≥ −mmin, q̂−1 = 0, q̂0 = 1, and q̂p = q̂p(a,b,m,n,α,β) is given by (61)
for p ≥ 1. Similarly, let p−1 = 0, p0 = 1, and ps = ps(a,b,m,n,α,β) be given by (62) for s ≥ 1. Then

r∑
i=1

qai(1−t)(q1+ai+β+k; q)1(q
−ai+α−1; q)1(q

1−b+ai ; q)m+k

(q; q)k+ni(q
ai−a[i] ; q)n[i]+k+1

× 2r+u+vϕ2r+u+v−1

(
q−k−ni , qb−ai , qa[i]−ai−n[i]−k, q−ai−β−k, q−ai+α

qb−ai−m−k, q1−ai+a[i] , q−1−ai−β−k, q−ai+α−1

∣∣∣∣ qN−M+r−1+t−v
)

= (−1)M−N−r+vqk(A−B+M−N+v)qA+a·n−b·m+(M2−N2+M−N)/2+v+β q̂p − (−1)u+1qα−upu+t−1,

where A,B,M2, N2, α, β are defined by (60) and a · n = a1n1 + · · ·+ arnr is the scalar product.

To formulate the confluent case of identity (47), we recall the confluent case of the basic hypergeometric
function [8, formula (1.2.22)]:

sϕr

(
a
b

∣∣∣∣ q, z) =

∞∑
n=0

(a1; q)n(a2; q)n · · · (as; q)n
(b1; q)n(b2; q)n · · · (br; q)n(q; q)n

[
(−1)nq(

n
2)
]1+r−s

zn, (63)

where s ≤ r, and the series is convergent for all complex z. It is further convenient to introduce another
version of the basic hypergeometric series considered by Bailey [1, Sect. 2] and Slater [19, (3.2.1.11)] and
given by

sϕ̂r

(
a
b

∣∣∣∣ q, z) =

∞∑
n=0

(a1; q)n(a2; q)n · · · (as; q)n
(b1; q)n(b2; q)n · · · (br; q)n(q; q)n

zn, (64)

Note that for s = r+ 1 the two series sϕr and sϕ̂r coincide. If s < r+ 1 the Bailey-Slater series (64) can be
expressed in terms of the series (63) by setting some of the parameters equal to zero:

sϕ̂r

(
a1, . . . , as
b1, . . . , br

∣∣∣∣ q, z) = r+1ϕr

(
a1, . . . , as, 0, . . . , 0

b1, . . . , br

∣∣∣∣ q, z) . (65)
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Theorem 3.10. Suppose 0 ≤ s < r are integers, q with 0 < |q| < 1 is a complex number, the vector
a ∈ Cr satisfies ai − aj ̸∈ Z for 1 ≤ i < j ≤ r, and the vector b ∈ Cs is arbitrary. Assume further that
m ∈ Zs,n ∈ Zr and t ∈ Z. Let α ∈ Cu, β ∈ Cv, and W = qt+r−1

∏r
i=1 q

ai
∏s
i=1 q

−bi . Then

r∑
i=1

qai(1−t)
(q1−b+ai ; q)m−ni

(q−ai−1+α; q)1(q
1+ai+β−ni ; q)1z

−ni

(qai−a[i] ; q)n[i]−ni+1

× s+uϕr+u−1

(
qb−ai , q−ai+α

q1+a[i]−ai , q−ai−1+α

∣∣∣∣Wq(s−r)aiz

)
× s+vϕ̂r+v−1

(
q1−b+ai+m−ni , q2+ai+β−ni

q1−a[i]+ai+n[i]−ni , q1+ai+β−ni

∣∣∣∣ z)
=

1

(z; q)(u+t)+

K∑
k=−nmax

δkz
k, (66)

where p′ = ⌊(M + v −N − r − t+ 1)/(r − s)⌋ and K = max(−mmin − 1, p′)+ (u+ t)+. The symbols M , N ,
nmax, mmin retain their meaning from (31). The coefficient δk is given by

δk =

k∑
j=max(−nmax,k−(u+t)+)

[
(u+ t)+
k − j

]
q

q(k−j)(k−j−1)/2(−1)k−j

×
r∑
i=1

qai(1−t)(q1+ai+β+j ; q)1(q
−ai+α−1; q)1(q

1−b+ai ; q)m+j

(q; q)j+ni(q
ai−a[i] ; q)n[i]+j+1

× r+s+u+vϕr+s+u+v−1

(
q−j−ni , qb−ai , qa[i]−ai−n[i]−j , q−ai−β−j , q−ai+α

qb−ai−m−j , q1−ai+a[i] , q−1−ai−β−j , q−ai+α−1

∣∣∣∣ qN−M+r−1+t−v
)

(67)

for k = −nmax, . . . ,K.

Remark. If u+ t ≤ 0, then (67) simplifies to

δk =

r∑
i=1

qai(1−t)(q1+ai+β+k; q)1(q
−ai+α−1; q)1(q

1−b+ai ; q)m+k

(q; q)k+ni(q
ai−a[i] ; q)n[i]+k+1

× r+s+u+vϕr+s+u+v−1

(
q−k−ni , qb−ai , qa[i]−ai−n[i]−k, q−ai−β−k, q−ai+α

qb−ai−m−k, q1−ai+a[i] , q−1−ai−β−k, q−ai+α−1

∣∣∣∣ qN−M+r−1+t−v
)
.

Proof of Theorem 3.10. Repeating the proof of Theorem 3.4, we calculate

S(z) :=

r∑
i=1

qai(1−t)
(q1−b+ai ; q)m−ni

(q−ai−1+α; q)1(q
1+ai+β−ni ; q)1z

−ni

(qai−a[i] ; q)n[i]−ni+1

× s+uϕr+u−1

(
qb−ai , q−ai+α

q1+a[i]−ai , q−ai−1+α

∣∣∣∣Wq(s−r)aiz

)
× s+vϕ̂r+v−1

(
q1−b+ai+m−ni , q2+ai+β−ni

q1−a[i]+ai+n[i]−ni , q1+ai+β−ni

∣∣∣∣ z)
=

r∑
i=1

∞∑
k=0

zk−ni

×
k∑
j=0

qai(1−t)(q1−b+ai ; q)m−ni
(qb−ai ; q)j(q

1−b+ai+m−ni ; q)k−j(q
−ai+α+j−1; q)1(q

1+ai+β−ni+k−j ; q)1
(qai−a[i] ; q)n[i]−ni+1(q

1+a[i]−ai ; q)j(q
1−a[i]+ai+n[i]−ni ; q)k−j(q; q)j(q; q)k−j

× (Wq(s−r)ai)j
[
(−1)jqj(j−1)/2

]r−s
=

r∑
i=1

∞∑
k=0

zk−ni

k∑
j=0

γki,j =

r∑
i=1

∞∑
ki=−ni

zki
ki+ni∑
j=0

γki+ni
i,j ,

where

γki,j =
qai(1−t)(q1−b+ai ; q)m−ni

(qb−ai ; q)j(q
1−b+ai+m−ni ; q)k−j(q

−ai+α+j−1; q)1(q
1+ai+β−ni+k−j ; q)1

(qai−a[i] ; q)n[i]−ni+1(q
1+a[i]−ai ; q)j(q

1−a[i]+ai+n[i]−ni ; q)k−j(q; q)j(q; q)k−j

× (Wq(s−r)ai)j
[
(−1)jqj(j−1)/2

]r−s
. (68)
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Using a similar computation as that in the proof of Theorem 3.4, we deduce that

γki,j =
(−1)(s−r+1)jq(s−r+1)j(j−1)/2+ai(1−t)+tj(q1−b+ai−j ; q)m+k−ni

(q−ai+α+j−1; q)1(q
1+ai+β−ni+k−j ; q)1

(qai−a[i]−j ; q)n[i]+k−ni+1(q; q)j(q; q)k−j

×
[
(−1)jqj(j−1)/2

]r−s
=

(−1)jqj(j−1)/2+ai(1−t)+tj(q1−b+ai−j ; q)m+k−ni(q
−ai+α+j−1; q)1(q

1+ai+β−ni+k−j ; q)1
(qai−a[i]−j ; q)n[i]+k−ni+1(q; q)j(q; q)k−j

,

or

γk+ni
i,j =

(−1)jqj(j−1)/2+ai(1−t)+tj(q1−b+ai−j ; q)m+k(q
−ai+α+j−1; q)1(q

1+ai+β+k−j ; q)1
(qai−a[i]−j ; q)n[i]+k+1(q; q)j(q; q)k+ni−j

. (69)

Furthermore, we put γk+ni
i,j = 0 if k + ni < 0 as before. Using this convention, we again have

S(z) =

∞∑
k=−nmax

zk
r∑
i=1

k+ni∑
j=0

γk+ni
i,j .

Note that k ≥ −mmin for each i = 1, . . . , r if −nmax ≥ −mmin. Otherwise, if −nmax < −mmin, then we may
write decomposition similar to (55) but with γk+ni

i,j defined in (69)

S(z) =

−mmin−1∑
k=−nmax

µkz
k + S1(z),

where

S1(z) =

∞∑
k=−mmin

µkz
k, µk =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j .

Next, for each k ∈ Z define the functions by the same expression as (56):

f̃k(z) = − (zq1−b; q)k+m(zq1+β+k; q)1(z
−1qα−1; q)1

(zq−a; q)k+n+1
and Fk(z) = z−tf̃k(z). (70)

The only difference with (56) is unequal sizes of the vectors a and b. Computing the residues at non-zero
poles

z = qai−j , i = 1, . . . , r, and j = 0, . . . , k + ni.

present whenever k + ni + 1 > 0, we have in comparing with (69) that

res
z=qai−j

Fk(z) = γk+ni
i,j .

As z → ∞, we obtain

Fk(z) ∼
M+v−N−r−t−(r−s)k∑

j=−∞
Cj(k)z

j ,

which implies that the coefficient C−1(k) = 0 if M + v−N − r− t− (r− s)k < −1, i.e., when k > p′, where
p′ = ⌊(M + v −N − r − t+ 1)/(r − s)⌋.

The residue at 0 is unaffected by the sizes of the vectors a and b and from item (ii) of Corollary 3.3, we
conclude as before that the residue of Fk(z) at z = 0 is 0 if u + t ≤ 0 and Q̃u+t−1(q

k) if u + t ≥ 1, where

Q̃u+t−1(y) =
∑u+t−1
i=0 bu+t−1,iy

i is a polynomial of degree u + t − 1 in y. Using the previous convention

Q̃−ℓ(y) ≡ 0 for each ℓ = 1, 2, . . ., we obtain

µk =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j = C−1(k)− Q̃u+t−1(q

k).
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Thus, when u+ t ≤ 0, we have

S1(z) =

∞∑
k=−mmin

µkz
k =

p′∑
k=−mmin

C−1(k)z
k.

The above sum is empty and equals 0 if p′ < −mmin. On the other hand, if u+ t ≥ 1 and p′ ≥ −mmin, then

S1(z) =

∞∑
k=−mmin

µkz
k =

p′∑
k=−mmin

C−1(k)z
k − z−mmin

u+t−1∑
j=0

bu+t−1,j

1− zqj
,

while if u+ t ≥ 1 and p′ < −mmin, then

S1(z) =

∞∑
k=−mmin

µkz
k = −z−mmin

u+t−1∑
j=0

bu+t−1,j

1− zqj
.

Summarizing all those cases, we get

S(z) =

−mmin−1∑
k=−nmax

µkz
k + S1(z) =

1

(z; q)(u+t)+

max(−mmin−1,p′)+(u+t)+∑
j=−nmax

δjz
j .

Next, we deduce an explicit formula for the coefficient δj . As (69) only differs from (53) by the size of
the vector b, we obtain a formula for µk similar to (59), but with modified dimension of ϕ:

µk =

r∑
i=1

k+ni∑
j=0

γk+ni
i,j

=

r∑
i=1

qai(1−t)(q1+ai+β+k; q)1(q
−ai+α−1; q)1(q

1−b+ai ; q)m+k

(q; q)k+ni(q
ai−a[i] ; q)n[i]+k+1

× r+s+u+vϕr+s+u+v−1

(
q−k−ni , qb−ai , qa[i]−ai−n[i]−k, q−ai−β−k, q−ai+α

qb−ai−m−k, q1−ai+a[i] , q−1−ai−β−k, q−ai+α−1

∣∣∣∣ qN−M+r−1+t−v
)
, (71)

where each term with k + ni < 0 vanishes and S(z) =
∑∞
k=−nmax

µkz
k. Using the Gauss expansion

(z; q)(u+t)+ =

(u+t)+∑
j=0

[
(u+ t)+

j

]
q

qj(j−1)/2(−z)j ,

we multiply both sides of (66) by (z; q)(u+t)+ and then get

(u+t)+∑
j=0

[
(u+ t)+

j

]
q

qj(j−1)/2(−z)j
∞∑

k=−nmax

µkz
k =

K∑
k=−nmax

δkz
k.

Multiplying both sides by znmax , changing k + nmax → k and writing µ̂k = µk−nmax
, δ̂k = δk−nmax

, we then
get

(u+t)+∑
j=0

[
(u+ t)+

j

]
q

qj(j−1)/2(−z)j
∞∑
k=0

µ̂kz
k =

∞∑
s=0

zs
∑
j+k=s

[
(u+ t)+

j

]
q

qj(j−1)/2(−1)j µ̂k =

K+nmax∑
s=0

δ̂sz
s

so that

δ̂s = δs−nmax
=
∑
j+k=s

[
(u+ t)+

j

]
q

qj(j−1)/2(−1)j µ̂k =

min(s,(u+t)+)∑
j=0

[
(u+ t)+

j

]
q

qj(j−1)/2(−1)j µ̂s−j
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for s = 0, . . . ,K + nmax. Set k = s− nmax. It implies that

δk =

min(k+nmax,(u+t)+)∑
j=0

[
(u+ t)+

j

]
q

qj(j−1)/2(−1)jµk−j

=

k∑
j=max(−nmax,k−(u+t)+)

[
(u+ t)+
k − j

]
q

q(k−j)(k−j−1)/2(−1)k−jµj .

Finally substituting (71) for µk, we arrive at (67). □

Below is an explicit example of the right-hand side of (66) with s = 1 and r = 3.

Example 3.11. Set m = (2),n = (1, 2, 2),a = (1, 1/2, 1/3),b = (2),α = (1/5), and β = (1/7). Then the
right-hand side of (66) takes the form(

−q93/35 − 1
)

q58/35z
+

(
1− q−17/15

) (
1− q−11/21

)
(1− q−1/6)z2

+

(
1− q−13/10

) (
1− q−5/14

)
(1− q1/6)z2

.
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