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Krattenthaler ¯̄̄KKK

XJ (cn)n≥0 ÷v

`rcn = `r−1cn−1 + · · ·+ `0cn−r

ùp `i ∈ Z[n] � `r 6= 0"

¡ (cn)n≥0 �3 Z þ� P-48S�"

ßßß���: - (an)n≥0 Ú (bn)n≥0 ©O�3 Z þ�Ä�Xê
� n � P-48S�"@o (n!anbn)n≥0 �´3 Z þ�Ä�Xê
� n � P-48S�"
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Krattenthaler ¯̄̄KKK���~~~fff

�Ä:

nan = (31n − 6)an−1 + (49n − 110)an−2 + (9n − 225)an−3

nbn = (4n + 13)bn−1 + (69n − 122)bn−2 + (36n − 67)bn−3

cn := n!anbn ÷v����©�§�µ

α(n)ncn = (· · · )cn−1 + . . .+ (· · · )cn−9
ùp α(n) ∈ Z[n], degn(α) = 20"

®���{é�µ

βncn = (· · · )cn−1 + . . .+ (· · · )cn−10
ùp β ´ 853- ��ê"

·���{é�µ

1ncn = (· · · )cn−1 + . . .+ (· · · )cn−14
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Ore ���êêê (���©©©���///)

�Ä:
f (n + 1)− (n + 1)f (n) = 0.

|^ Z[n][∂] Ù¥ ∂ ◦ f (n) := f (n + 1), n ◦ f (n) := n · f (n)

[∂ − (n + 1)] ◦ f = 0.

� L ∈ Z[n][∂]"e L ◦ f = 0§K¡ L � f � �©�f"

� L = `r∂
r + . . .+ `1∂ + `0

¡ deg∂(L) = r � L � �§ lc∂(L) = `r � L � Ä�Xê

� T ∈ Z[n][∂]"XJ T = PL§@o T �¡� L � ��
ª§ùp P ∈ Q(n)[∂]
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ïïïÄÄÄÄÄÄÅÅÅ

~~~ 1 �Ä u(n) ��©�f:

L = (1 + 16n)2∂2 − (224 + 512n)∂ − (1 + n)(17 + 16n)2

¯̄̄KKKµb� u(0), u(1) ∈ Z§éz� n ∈ N ´Äku(n) ∈ Zº

(Abramov, Bakatou, van Hoeij) é� L ���ªµ

T := (. . .)L = 64∂3 + $�� ∈ Z[n][∂]

·���{é� L �,���ª:

T̃ := 1∂3 + $�� ∈ Z[n][∂]

£££���: ´§u(n) ��êS�"
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ÛÛÛ:::������

�½ L ∈ Z[n][∂], p | lc∂(L)"

� T ∈ Z[n][∂] � lc∂(T ) = a · g§Ù¥ a ∈ Z§g ´���"
e T ÷vµ

T � L ���ª

g | 1p lc∂(L)

K¡ T � L � p-�¦�f

5µa ¡� T Ä�Xê�NÝ§P� c(T )
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ÛÛÛ:::������

�½ L ∈ Z[n][∂], p | lc∂(L)"
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ÛÛÛ:::������

� T � p-�¦�f§lc∂(T ) = a · g§Ù¥ a ∈ Z§g ´���"

e
deg(g) = min{deg(lc∂(Q)) | Q � p-�¦�f}

K¡ T � L � Û:�¦�f

e T �Û:�¦�f§�

a = min{c(Q) | Q �Û:�¦�f}

K¡ T � L � ��Û:�¦�f
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ÛÛÛ:::������

� T � p-�¦�f§lc∂(T ) = a · g§Ù¥ a ∈ Z§g ´���"

e
deg(g) = min{deg(lc∂(Q)) | Q � p-�¦�f}

K¡ T � L � Û:�¦�f

e T �Û:�¦�f§�

a = min{c(Q) | Q �Û:�¦�f}

K¡ T � L � ��Û:�¦�f

Ü�, KLMM 7/27



ÛÛÛ:::������

~~~ 1 (YYY) �Äµ

L = (1 + 16n)2∂2 − (224 + 512n)∂ − (1 + n)(17 + 16n)2

(Abramov, Bakatou, van Hoeij) é� L ���ªµ

T = (. . .)L = 64∂3 + $�� ∈ Z[n][∂]

é� L �,���ª:

T̃ = 1∂3 + $�� ∈ Z[n][∂]

T Ú T̃ ©O� L �Û:�¦�fÚ��Û:�¦�f"
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ÂÂÂ   nnn���

�½ L ∈ Z[n][∂]"

�Ä 〈L〉 := Q(n)[∂]L, ¡ 〈L〉 'u Z[n][∂] � Â n� �

Cont(L) := 〈L〉 ∩ Z[n][∂]

Cont(L) � Z[n][∂] �k�)¤�n�"
L �Û:�¦�fáu Cont(L)"

Cont(L) �¹ Z[n][∂]L§���´ý�¹"
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ÂÂÂ   nnn���

�½ L ∈ Z[n][∂]"

�Ä 〈L〉 := Q(n)[∂]L, ¡ 〈L〉 'u Z[n][∂] � Â n� �
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Cont(L) � Z[n][∂] �k�)¤�n�"
L �Û:�¦�fáu Cont(L)"

Cont(L) �¹ Z[n][∂]L§���´ý�¹"

Ü�, KLMM 9/27



ÂÂÂ   nnn���

8IµO� Cont(L) ��| Z[n][∂]-Ä"

~~~ 1 (YYY) �Ä:

L = (1 + 16n)2∂2 − (224 + 512n)∂ − (1 + n)(17 + 16n)2

Cont(L) d {L, T̃} )¤"
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ÂÂÂ   nnn���

8IµO� Cont(L) ��| Z[n][∂]-Ä"

~~~ 1 (YYY) �Ä:

L = (1 + 16n)2∂2 − (224 + 512n)∂ − (1 + n)(17 + 16n)2
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ÛÛÛ:::���������ÂÂÂ   nnn���
�½ L ∈ Z[n][∂]§deg∂(L) = r"

� k ≥ r§¡

Mk := {T | T ∈ Cont(L), deg∂(T ) ≤ k}

� Cont(L) � k �f�"

� I � Z[n][∂] ��n�§a ∈ Z\{0}§¡

I : a∞ := {T ∈ Z[n][∂] | �3 k ∈ N, ¦� akT ∈ I}

� I 'u a � �Ún�"

½½½nnn 1 (Ì�(J 1) � T ´ L �Û:�¦�f§lc∂(T )=a · g§
Ù¥ a ∈ Z � g ´���"e k = deg∂(T )§K

Cont(L) = (Z[x ][∂] ·Mk) : a
∞
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ÛÛÛ:::���������ÂÂÂ   nnn���
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ÛÛÛ:::���¦¦¦���fff������þþþ...

�½ L ∈ Z[n][∂]"

(Chen, Jaroschek, Kauers, Singer) � p | lc∂(L)§p Ø��

e p ´����§K�± O� Ñþ. k§¦��3 L ��
� k � p-�¦�f"

|^ Euclidean �{§�± O�Ñ Û:�¦�f��þ
."
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(((½½½ÂÂÂ   nnn������ k ���fff���

�½ L ∈ Z[n][∂]§deg∂(L) = r"

¯̄̄KKK: �½ k ≥ r , ¦ Cont(L) � k �f� Mk ��|)¤8?

� V := {v1, . . . , vm} � Z[n]r �k�f8"
¡ {(a1, . . . , am) ∈ Z[n]m |

∑m
i=1 ai · vi = 0} � V � ÜÀ�"

½½½nnn 2 �½ k ≥ r , �± O�Ñ k�8 V ⊆ Z[n]k+1 ¦
� Mk �� Z[n]-�Ó�u V �ÜÀ�"
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(((½½½ÂÂÂ   nnn������ k ���fff���
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OOO���ÛÛÛ:::���¦¦¦���fff

�½ L ∈ Z[n][∂]§deg∂(L) = r"

£££ÁÁÁµ� T ∈ Cont(L)§lc∂(T ) = a · g§Ù¥ a ∈ Z§g ´��
�"e

deg(g) = min{deg(lc∂(Q)) | Q � p-�¦�f}

K¡ T � L � Û:�¦�f

¯̄̄KKK: � k �Û:�¦�f��þ.§¦ L �Û:�¦�f?

� k ≥ r§¡

Ik :=
{
[∂k ]P | P ∈ Mk

}
∪ {0},

� Cont(L)� k �Xên�§ùp [∂k ]P L« P ¥ ∂k �Xê"
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OOO���ÛÛÛ:::���¦¦¦���fff
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OOO���ÛÛÛ:::���¦¦¦���fff

···KKK e {B1, . . . ,Bt} � Mk ��|)¤8§K

Ik = 〈[∂k ]B1, . . . , [∂
k ]Bt〉

½½½nnn 3 e s ´ Ik ¥gê����"��§K Mk ¥± s �Ä�
Xê��f S ´Û:�¦�f"

555µ|^ Q[n] þ�*Ð Euclidean �{§�± O�Ñ þã
± s �Ä�Xê��f S"
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OOO���ÛÛÛ:::���¦¦¦���fff
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Ik = 〈[∂k ]B1, . . . , [∂
k ]Bt〉

½½½nnn 3 e s ´ Ik ¥gê����"��§K Mk ¥± s �Ä�
Xê��f S ´Û:�¦�f"

555µ|^ Q[n] þ�*Ð Euclidean �{§�± O�Ñ þã
± s �Ä�Xê��f S"

Ü�, KLMM 15/27



(((½½½ÂÂÂ   nnn������ÄÄÄ

���{{{ 1µ�½ L ∈ Z[n][∂]§O� Cont(L) ��|Ä."

(1) ¦ÑÛ:�¦�f��þ. k"

(2) O� Mk �� Z[n]-���|)¤8"
(3) O� k �Û:�¦�f T§� a ´ lc∂(T ) �NÝ"

(4) |^ Gröbner Ä§O� (Z[n][∂] ·Mk) : a
∞ ��|Ä."
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(((½½½ÂÂÂ   nnn������ÄÄÄ

~~~ 1 (YYY) �Ä:

L = (1 + 16n)2∂2 − (224 + 512n)∂ − (1 + n)(17 + 16n)2

(1) Û:�¦�f��þ.� 3"

(2) M3 d {L, T̃} )¤"
(3) du lc∂(T̃ ) = 1§T̃ �Û:�¦�f"

(4) Cont(L) = (Z[n][∂] · {L, T̃}) : 1∞ = Z[n][∂] · {L, T̃}

Ü�, KLMM 17/27



OOO���������ÛÛÛ:::���������fff

�½ L ∈ Z[n][∂]§deg∂(L) = r"

£££ÁÁÁµ� T �Û:�¦�f§lc∂(T ) = a · g§Ù¥ a ∈ Z§g ´
���"e

a = min{c(Q) | Q �Û:�¦�f}

K¡ T � L � ��Û:�¦�f

¯̄̄KKKµ¦ L �����Û:�¦�fº
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OOO���������ÛÛÛ:::���������fff

½½½nnn 4 � Cont(L) = Z[n][∂] ·Mk � G ´ Ik ��| Gröbner Ä"
- f ´ G ¥gê�$���"e F ∈ Cont(L) � lc∂(F ) = f§
K F ´ L ���Û:�¦�f"

���{{{ 2 (Ì�(J 2)µ�½ L ∈ Z[n][∂]§O� L ���Û:�¦
�f"

(1) d�{ 1§Cont(L) = Z[n][∂] ·Mk"

(2) O� Ik ��| Gröbner Ä G"

(3) � f ´ G ¥gê�$���"£�1 2 Ú§é
� F ∈ Cont(L) ¦� lc∂(F ) = f"
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OOO���������ÛÛÛ:::���������fff

~~~ 2µ�Ä (Kauers, Krattenthaler, Müller)µ

L = (n + 10)(n6 + 47n5 + · · ·+ 211696)∂10 +$��

(1) d�{ 1§Cont(L) = Z[n][∂] ·M14

(2) I14 = 〈n + 14〉
(3) é� L ���Û:�¦�f T§lc∂(T ) = n + 14

555µ¿Ø�3�î��u 14 ���Û:�¦�f§Ï�

∂−11 ◦ I11 = 〈11104n, 4n(n − 466), n(n2 − 34n + 1336)〉,
∂−12 ◦ I12 = 〈4n, n(n − 24)〉,
∂−13 ◦ I13 = 〈2n, n(n − 26)〉.
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OOO���������ÛÛÛ:::���������fff

~~~ 2µ�Ä (Kauers, Krattenthaler, Müller)µ
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OOO���������ÛÛÛ:::���������fff

~~~ 3µ�Ä:

nan = (31n − 6)an−1 + (49n − 110)an−2 + (9n − 225)an−3

nbn = (4n + 13)bn−1 + (69n − 122)bn−2 + (36n − 67)bn−3

cn := n!anbn k�� 9 ��©�f L ÷v lc∂(L) = (n + 9)α(n),
α(n) ∈ Z[n]"

(1) d�{ 1§Cont(L) = Z[n][∂] ·M14

(2) I14 = 〈n + 14〉
(3) é� L ���Û:�¦�f T§lc∂(T ) = n + 14

ò T =z� cn ��©�§

1ncn = (· · · )cn−1 + . . .+ (· · · )cn−14
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ÄÄÄ���XXXêêêNNNÝÝÝ���eee...

� L ∈ Z[n][∂]§L«�

L = ar fr (n)∂
r + · · ·+ a1f1(n)∂ + a0f0(n)

ùp ai ∈ Z, fi (n) ´���"e gcd(a0, . . . , am) = 1§K
¡ L ´ R-���.

½½½nnn 4 �L ´ R-���, a ∈ Z, a | lc∂(L)"@oé
u Q ∈ Cont(L) \ {0}§a | lc∂(Q)"
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ÄÄÄ���XXXêêêNNNÝÝÝ���eee...

~~~ 4µ�Ä�� 2 � R-���f L§ÙÄ�Xê�

3(n + 2)(3n + 4)(3n + 5)(7n + 3)
(
25n2 + 21n + 2

)
� L ´

(4n
n

)
+ 3n ��©�f"�â ½n 4§é

u Q ∈ Cont(L) \ {0}§3 | lc∂(Q)"
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Krattenthaler ¯̄̄KKK

ßßß���: - (an)n≥0 Ú (bn)n≥0 ©O�3 Z þ�Ä�Xê
� n � P-48S�"@o (n!anbn)n≥0 �´3 Z þ�Ä�Xê
� n � P-48S�"

�Äµ

nan = α1an−1 + . . .+ αsan−s

nbn = β1bn−1 + . . .+ βtbn−t

�± O�Ñ cn := n!anbn ��©�f L"

���{{{: O� L ���Û:�¦�f"

¢�(JL²ù�ß��U´ �(��
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Krattenthaler ¯̄̄KKK���ÜÜÜ©©©yyy²²²

���/// 1µ�Äµ

nan = αan−1

nbn = β1bn−1 + . . .+ βtbn−t

ùp α, βi ∈ Z[n]"K cn := n!anbn ÷v

ncn = γ1cn−1 + . . .+ γtcn−t

Ù¥ γi := βi
∏i−1

j=0 α(n − j)"
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Krattenthaler ¯̄̄KKK���ÜÜÜ©©©yyy²²²

���/// 2µ�Äµ

nan = α1an−1 + α2an−2

nbn = β1bn−1 + β2bn−2 + β3bn−3

ùp αi , βj ��½�"K cn := n!anbn ÷v

ncn = γ1cn−1 + . . .+ γ9cn−9

Ù¥ γi ∈ Z[α1, α2, β1, β2, β3, n]"
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Krattenthaler ¯K���y²
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